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Review
.

• Find the distribution of G (X)
,

where X is acts

ru with density f× and g : IR→ IR .

Find

Fg Cbl : - Pf 94) e y }

fgcx , G) = # Fg G)
.

In the special case that g is strictly monotone ,

f-
gcx,
" = £1561 ) . /da5g I
{ if y -- gang!;

0 otherwise
.

Chap 6 . Joint distributed r.vn 's
.

{ 6.1 Joint distribution
.



Def . Let X
, Y be two v.v .

's
.

The joint cumulative distribution function of X, Y
is defined by

( Joint CDF)

Ffa , b) = Pf yea , YE b )
,

a
,
be IB

.

From the above def , we see that Fx and Fy can

be obtained from Ff , . ) .

Fxla ) = Pf Xe a }
= Pf X sa, Ys - J
= Pf line . I xsa . Yetis)

Using the continuity of P
=

him pfxea , Yeb}
b.→tis

= Ii 'm F la , b )
b.→ to

= : f- (a .tw )
similary

,
Fy (b) = hairy , Fca , b ) = : FG 's, b ) .



• Usually ,
Fx and Fy are called the marginal

distributions of X and Y
.

Theoretically
,

all the joint statements about X and Y

can be determined by the function Fla , bl .

Example : Suppose f- = Fca, b ) is the joint CDF of X and Y
.

Find P { X - a , Y> b }
.

Solution :

Pf x > a, Y >b) = I - P ( { x > a, Y> by )
= I - p µ xsa } u { Y Eb 's)

( using PLEUFKP I,)
= I - p { Kea} - P { Y Eb}

+ p { xsa , Ye b }
= I - Fla , o) - f ( co , b ) t F la , b) . Eh



• Now we consider the case that both X and Y are

discrete . In such case
,
we can define the

joint prob . mass function of X and Y by
( joint pmf )

play , = P{ X - x, 'f- y )
.

Then

Pxcx, =p { X - x }
= F p { X=x, Y -- y }
= Ey pcx , y ) .

similarly
Pyu ) = I pcx , y ) .

In particular
E- (a. b ) =
I pay )
(X , y ) .

XEa
, Yeb .



• Def : We say two nu
's X and Y are jointly continuous

if there exists f : pi→ [ o, o ) such that

Pf ( X , Y) E C } = fffcx.gl dxdy ,
for any

"

measurable
" set c e IR?

(
'

n'eas unable
"

sets include
, for instance,

the countable union/ intersections
of rectangles [a , b) x [c.d1 )

• In particular,
Pf X sa, Ye b } =P{ ( X , 4) c- f- is, a) x f- is , b ))

= f
.

! f! fcx , y) dx dy .

• The function f in the def is called the joint

PYf¥ of X and Y .
-



Example 2 . Suppose X and Y have a joint density function

fcx , y ) = f
12 " Y G- x ) if osxal , osys ,

0 otherwise .

Find ① fx
, fy

② EEXI and E[ YI .

Solution :

Fxla ) - Pf X sa }
-

pg yea, Yao}
= If f! fcxiyldxdy
= fo

't

f! izxyftxsdxdy
if o El

= fo
't

. my . ( E - loads



= fo't izy . ( Ez - -93 ) dy
= 65 (E - Ent :
= 6 ( E - E ) .

Taking derivative ghees

f-* Cat -16
. ( a - a) .

o< act

0 otherwise

EEXI = £! xf±cxidx
= fo

't

x 6 ( x - xD dx

= 2×3 - by ×4 fo't
= 2- dy = I .



Example .

Suppose X and Y have a joint denstity function's

fix , g) = f e
"""

if ocxas , o - yes

0 otherwise
.

Find the prob . density function of ¥ .

Solution :

since fcx , y ) - o if 4.y ) ¢ (o , b) x (o , is )
,

we may assume X , y always take positive
values

. So is My .

For A so
,

Pf Yea } = pfxeay)
= If fcx.gl dxdy
{ exist : xeab )



- Lxty)
= ff e dxdy
{ Cx , y) EG,a) xlo.co) a Xsay }

= f: f ! e-"" ' ax dy
= f! e-Y . f- e-

×

) / !
'

dy

= f! e- Y .fi - e-as ) dy
= f ! e- Y - e- Cat" ' dy
=

- e-
Y
+ Tae

-GH ' fo
O

= I - t
Ha

Taking derivative gives

Fxq ( at = ¥ap a > o

{
o otherwise

.



Prop . Suppose X and Y have a joint density

function f .

Then the marginal densities

of X
,
Y are given by

f-
*
(a) = If fca, y ) dy , at IR

Fy (b ) = IF fcx ,
b) dx

,

b f IR
.

Pf . Notice that

Fx (a) = Pf Hea }
= f. isµ fax , y) dy) DX

Let gcxi-f.is fcx , y ) dy
Then

Fx (a) = 1! gas dx
Taking derivatives gives



f-x. (a) = Gla) = f ! fca , y ) dy
( assuming that g is cts at a )

similarly
fy ( b ) = f! f- ( x , b) dx .

( under some regularity
assumptions on f )

§ 6.2 . Independent ru 's .

Recall that two events E and f are said to
be independent if

p ( EF ) - PCE ) PCF) .



X and Y
~

Def : Two v.v
'state said to be independent

if
④ Pf XEA , Ye B) =P { XEA ) Pl Ye B)
for all subsets A

,
B of LR

.

In other word
,
the events { KEA } and { YE B }

are independent for all given A
,
B

.

Clearly if X and Y are independent, then

*④ FICA , b ) = Fx Cal Fy lb ) ,
t a, be IR

\

Reason : Fca , b) =P { X sa , Ye b }
=p { xea } p{ 'Kb 's
= Fx (a) Fy ( bl .

④ ⇒ **① is dear
.

But *④ ⇒ ④ is also true
.


