
Lecture 7:

Recall :
. Linear Transformation

÷÷÷±÷:* .

• NCT ) It { I c- V = Tetro } C V

RCT ) { Ttx ) = I EV } a VV

Proved that : NLT ) and RCT ) are subspaces ,



Remark : T : V → w is onto  iff RCT ) = W

( follows from the def )

Proposition : A linear transformation T : V -7 W is one - to - one

iff NLT ) = { I }
.

Pf :

( Recap : One - to - one ⇒
"  

Tix )= TCI ) ⇒ 5=5
' "

( ⇒ I If T is one - to -
one

,
then : for any

Ie NY )
,

we have Tcf ) = Jw = Tc Jv )

⇒ I -
- Ev

This implies NLT ) -_ { Jv }
.



⇐ ) Suppose NLT ) = { Tv }

Let I. I E V such that TCI 't Tty ) .

Then : TC El - Tcg
'

) = TCI
'

- 5
'

) =

This implies I - 5
'

e NLT )

={
Jr }

;
.

I -5
'

= fr or 5=5
'

.

i .

T is I - I
,



Definition : Let T : V → w be a linear transformation .

If NLT ) and RLT ) are finite - dimensional
,

we define :

Nullity is denoted as Nullity I T ) is the dimension of
•

NCT )
.

• Rank is denoted as Rank L T ) is the dimension of
RCT )

.

Lemma : Let T -

- V -3W be a linear transformation . If

p
-

- { ii.
,

Tia
, . .

,
In } is a basis for V

,
their .

RLT ) = span I Tepid# span { Tiv . )
,

Thia ) ,
. . .

,
Tlin ) }



Proof :
'

,

'

Tciij ) E RCT ) for j
 =L

,
"  - - in

and RCT ) is subspace -

.

'

- Span I Thain, Tivo,
. .

.

,Thin
) ) C RCT )

RLT ) RCT ) RCT )

Conversely , let EyeRCT ) where TeV
.

Tix )

Then : I ai.az , . . .

,
an EF s .

t
.

I' = iAjVj .

So
,

I = Tix ) = Tf ;ajvj ) =

,

ajtciijjespanftcii.si . . ,TiinB

.

'

. RHIC Span ( TIPI) .

-

.
RCT ) = Span CTCPD



Example : T : Pz C IR ) → Mzxz I IR ) defined by =

TCH = (
t :" f::?)

We have :

RCT ) = span { Tcl)
,

Text
,

TLXT }
= spank:: ) , too ill :

'

o ) )
-

Lin
.  in deep .

⇒ Rank LT ) =3



Theorem : ( Rank - Nullity Theorem )

Let V and W be vector spaces set .

V is finite -
dimensional .

Then for any linear transformation T : V -3 w
,

we have .

nullity I T ) t Rankl T ) = dimCV )

Proof : Let n = dim I V ) and k= dime NCTI ) En

si:::b::::÷÷÷÷÷÷:÷:÷i÷:
Claim .

. S = { Tl Tikal
,

Thiesen
, . .

.

,

Thin ) } is a basis for RCT)
.



① RIT ) = span { tgy. ,
,

ThisT.it Thin ) )W
O O

= span { This , )
, .

. .

,

Tevin ) } = span IS )

-
② Now suppose I been

, baez
, . . ,

bn EF s -
t .

bi Tciiil = I
.

Then
, by linearity ,

we have : Tiff
,

bi i ) =8
'

⇒ Em
,

biti  e NLT )



i . ¥q,bi Ii =

,

Ciii for some a
, . .

.

, Chef
.

But then :  

.¥ Ceci y fi  t Ina,biVi  
= I

'

'

c

' { I
'

, ,
. . .

,

In } is a basis for V and so it is

bin .

ind .

c

'

. ( - Ci ) = o fo - i = 1,2 , .
.

,
k

bi  = o for i=kti ,
ktz

,
.  . ,

n

.

'

 - S is lin .

ind .

c

'

.
S is basis for RCT )

.



,

'

.

Nullity I T ) + Rank CT )

= in+ In-hit
= n = dim CV )

4


