
Lecture 6:

Recall :

① ME n ② Lu Hagspam V
.



Dimension

Cori . Let V be a vector space having a finite basis
.

Then
, every basis of V contains the same number

of vectors .

Let p and 8 be two bases of V
.

Since p spans ✓ and V is lin .
 independent ,

then 181 E Ipl ( by replacement Thin )

Similarly
, Ipl £181

⇒ 181 -

- Ipl .



Definition: A vector space V is called finite-dimensional if it has

a finite basis
.

The dimension of V
,

denoted as dimly
,

is the number of vectors in a basis for V
.

A vector space
which is not finite -

dimensional is

called infinite-dimensional .



Example :
 . F

"

has dimension n
.

• PNLF) has dimension htt

PLF ) is infinite dimensional

2

• Mnxn LF ) has dimension n

• G is a vector space
over F- Q

,

has dimension I

( Basis B -
- { 13 )

Q is a vector space over F = IR has dimension 2

( p = It
, i3 )



C or i Let V be a n - dimensional vector  space .

(a) Any finite spanning set has at least n vectors
,

and a

spanning set with exactly n vectors  is a basis for V
.

(b) Any linearly independent subset  of V of size n is

a basis for V
.

(c) Every linearly independent subset  of V can be extended

to a basis of V
.

PI Let p be a basis for V C Ipl -
- n )

(a) Let G be a finite spanning set for V
.

Then : ⑧
78C G which is a basis for V ( last time )

.

'

.
181 -

- n E 1Gt

If 161=181
,

then : G -

- V is a basis for ✓
.



independent subset  of size n ." '

÷÷÷÷÷÷÷÷÷÷:
 

::c::
But I Heo

.

i .
H =p .

.

'

. L UH = Lu 4 =L span V
.

c

'

. L is a basis



(c) Let LCV be a linearly independent subset  of size on .

÷::÷:c:
v

that LUH span V
.

-
-

m n - m

.

'

.
I LUH I = m t n - m =n

By Ca )
,

LUH is a spanning set with exactly

n elements ⇒ LUH is a basis
.

I I

dim Iv )



Theorem : Let V be a finite - dimensional vector space .

Then any subspace W CV is finite - dimensional and dim l W ) Edimlv )

i::÷::::÷:i: .::"⑧⑤
dim ( W ) = Osn( span ( 9) = { E3 )

Otherwise
,

W contains a non - zero Ti
, .

So
,

{ I
, } is bin . indep

subset  of w .

If span { Ti
, } = W .

then { Ti , } is a basis of W .

Otherwise
,

choose Tiz E Wl Span { Ti , }
.

Then
, by a thin before

,

{ ii.
,

Tiz } is linearly indep .  of W .

If { vii. Iz } span W
,

then { A , ,Utz3 is a basis
.



Repeat this process
to produce a larger and larger Lin .  in deep .

But a tin . indep .

subset of V has size E n .

The above process
must stop , say ,

it stops at

producing a tin . indep .
subset p= { Ti

, ,
ii.

. ,
. .

.

, Tik 3 of W

with ksn .

Then
, p is a basis of W .

; ,

dim Cw ) = Ken
.

awwww aww

If dimcw ) = dim LV ) = n and p = {Tui ,Fez ,  →Ten }

is a tin .
indep . subset of V

.
Then

, p is a basis of V

and We span L p ) = V
¢



e. g .  . Set w of symmetric nxn matrices ( At = A ) is

a subspace of Mnxn L F ) of dim = I -12T . .  -  tch -1) th

= Iz Cn ) I htt ) S 7?
aimer ,

Corollary :
If W is a subspace of a fin - dimensional vector

space V
,

then any basis of W can be extended to

a basis of V .

Proof : Exercise



Linear Transformation

Definition : Let V and W be vector spaces over F
.

A linear

transformation

from V to W is a map T : V → W

Such that -

- Ca) TC Tty ) = TCI ) t TCF )

( b ) TC at ) = a TCI )

for all I
, I c- V

,
a E F .

i



Proposition : Let T : V → w be a linear transformation . Then :

lil Tl Ju ) = Jw

Cii ) TC
,

aixi ) =

,

ai Ttxi ) VII. Iz
,

. . .int V

( T preserves linear combination )
At

i
Az

,  
- - . can C- F .

( i ) Tl Jv ) = Tl Jv tou ) = Tl Jv ) t TITU )

⇒ T ( Jv ) = Jw
.

( Cancellation law )

Iii ) Use math . induction ( exercise )



Examples -

-

 

•
For any

vector spaces V and W
,

we have i

(a) The zero transformation To : V → W defined by To ( I ) :
w

for HI
'

EV

(b) The identity transformation Iv : V -7 V defined by Ivey , = #

• Let A E Mmxn l F ) be a Mxn matric ,
in F

,

for t 'T EV
.

Define : LA o

. Fn → Fm as : ( F
"

= space of col vectors of

LA ( I ) It AI
'

size n )

LA is called the left multiplication by A .

° T : Mmxnlf ) → Mnxmlf ) defined by TLA ) ItAt ( transpose
of A )



• T : Pn L IR ) → Pm UR ) defined by TC fix ) ) = fix ,

is a tin . transf ,

( derivative off )

• Let a and b EIR
,

as b
.

Then
,

T : CCIR ) → IR defined by e-

( Space of continuous

functions )

Tcf ) Eet Jab fit , dt



Null space or Range

Definition : Let V and W be vector spaces and T : V -7 w be

a linear transformation .

Then
, the hull space ( or kernel ) of T is defined as ?

NCT ) :
Et { TeV : TCI ) = Jw } c V

the range ( or image ) of T is defined as :

RCT ) : = { Text ) : I e V } C W

e. g . For Iv : V → V
,

NC Iv ) = { Tv }
,

RC Iv ) = V

( identity )

For To = V → w
,

N ( To ) = V
,

RCT . ) = { Jw }
C zero transf )



. LA : F
"

→ Fm ( A E Mmxn IF ) )

Nl LA ) = NCA ) = null space of A

R ( LA ) = ECA ) = col space of A ( space of linear

combination of col vectors

• For T : Pn CIR ) → Pm L IR ) defined by
of A )

Tlfexil = fix , ,
then : A  = ( I I -

.  -

I )
NLT ) = { a . E Pn UR ) : a. C- IR }

RIT ) = PhilIR )



Proposition : Let T : V → W be a linear transformation
.

Then .

- NCT ) and RCT ) are subspaces of V and W

respectively ,

Proof :  .

,

, Ti Ju ) = Jw

.

'

i
Jv E NCT ) and Tw E RCT )

Let I
'

and I
'

E NCT ) and a EF
.

Then :

TCI -15
'

) = TCI ) t Tty ) = Jwt Iw = w and

TC af ) = a TCI ) = a Jw = Jw

.

'

. Tty E NLT ) and ate NCT )

c

'

. NLT ) is a subspace of V .



Now
, let it

, I e RCT ) and a C- F
.

Then ? 7- I
, I

'

e V such that rt = Ttx ) and I = Tty )

So
,

Titty) = TCI ) t Tty ) = Itv ⇒ I true RCT )

Tca 't'T= a TCI ) = art ⇒ art
'

e RCT )

i . RCT ) is a subspace of W
.



Remark : T : V → w is onto  iff RCT ) = W

( follows from the def )

Proposition : A linear transformation T : V -7 W is one - to - one

iff NLT ) = { I }
.

Pf :

( Recap : One - to - one ⇒
"  

Tix )= TCI ) ⇒ 5=5
' "

( ⇒ I If T is one - to -
one

,
then : for any

Ie NY )
,

we have Tcf ) = Jw = Tc Jv )

⇒ I -
- Ev

This implies NLT ) -_ { Jv }
.



⇐ ) Suppose NLT ) = { Tv }

Let I. I E V such that TCI 't Tty ) .

Then : TC El - Tcg
'

) = TCI
'

- 5
'

) =

This implies I - 5
'

e NLT )

={
Jr }

;
.

I -5
'

= fr or 5=5
'

.

i .

T is I - I
,


