
Lecture 23:

Def : Let T be a linear operator  on an inner product space

V . We say T is self - adjoint ( Hermitian ) if T*=T
.

An nxn real or complex matrix A is called self - adjoint

( or Hermitian ) if A*=A .

Lemma : Let T be a self - adjoint linear operator on a fin .

- dim

inner product space V .
Then :

(a) Every eigenvalue of T is real .

(b) Suppose V is real inner product space .
Then , the char

.

poly of T splits over IR .



Proof :

Ca ) Suppose Tix ) -

- XI for IFT .

Then : text .
II (

'

c

' T is normal )

i , XI = TCI ) = T
* CI ) -

-

IF

i . ( a - I )I=8 ⇒ 1=5 .
: .

1 is real
.

¥
(b) Let n -

- dimly
, p be an orthonormal basis for V and

let A  Et  

[ TIP
Then : A is self-adjoint . Consider i LA ich -71cm

By Cal
,

the eigenvalues of LA are real .

By Fundamental Tnm of Algebra , f half splits into factors

of the form t - X Where X is an eigenvalue of LA .



'

.

' X is real ,

-

, FLACH splits over IR
.

But fTLtI= that )
.

So
,

the result follows .



Theorem : Let T be a linear operator on a fin - dim real inner

product space V
. Then T is self - adjoint iff I orthonormal

basis for V consisting of eigenvectors of T .

Proof : ⇐ ) Suppose T is self - adjoint . By the Lemma
,

the char poly of T splits over IR
. By Schur 's Theorem ,

I an orthonormal basis p for V set
. A  Eff [ TIP is

upper triangular . But >

A
A

= ( ETtp
*

= [ T
*

Ip = TTIP = A

So
,

A  is both upper triangular and lower triangular .

Hence ,
A is diagonal .

I p consists of eigenvectors of T
.



# Suppose I orthonormal basis p for V sit . A = E TIP
is diagonal

.

Then : I T*3p=(I TIP)* = At = A = E TIP

i . T*=T

in T is self - adjoint .





Def : Let T be a linear operator on finite - dim inner

product space V over F
.

If 11175111=11%11 tix E V ,

then we call T is a unitary linear operator .
( resp .

orthogonal operator) if F  = G ( resp F  = IR )

Lemma : Let U be a self - adjoint linear operator on a fin - dim

inner product space V
.

If LI
,

UCI ) > = o VI EV
,

then U - To = zero transf
.



Pf : Choose an
orthonormal basis p for V consisting of

eigenvectors of U
.

If IEP ,
then ULIK XI for some A

.

O = LI
,

UCI , > = < I
,

XI > = 5<5,57--5115112

⇒ 2=0

.

'

.
ULI ) = o for tx Ep

.

'

.

U = To
,



Thin : For a linear operator T on a fin -
dim inner product

space V
,

the following are equivalent :

Ca ) TT
't

= T
*  

T = I

(b) T preserves
the inner product  on V

,
i. e. ,

< This ,
Tcg , > = 57 VI. 5 EV .

( c ) Tcp,

,
At { This

,
-

. sitcom ) is an orthonormal basis

{ T.in .  . ins

for V for any
orthonormal basis p for ✓

Cdl I an orthonormal basis pforV sit . Tcp ) is an orthonormal

basis for V .

(e) HTLI ) 11=11511 for V-E EV


