
 

Further examples

Def let f ab IR be a function and

L IR 7112
Its Itp forsome DfE IR

We say L crosses f for f crossest

if 7 Xo C Ea b and d o such that

f Xo L Xo

and either one of the following
holds

y
ux

ix
LB Lk Sfx X E Exo Exo stab y

X 5 fix X E Exo XotoTnE9b x'go to Loto

1 y11
1

Ux zfcx X E Exo Exo Naib Xply fcxI 1

X E f X X E Exo XotoTnE9b
X or to 0

egg fax sinx amX axis i.e E 0

clearly L crosses at many points

At Xo 0 the 8 0 Can bechosen as IT



If L 4 I 4 doesn't cross f

at every intersection 6h 115 fans 41 1 1

for all in the nbd Gmt Iz r EntD to

except x EntDE forany oars 21T

G fix Hksink X to

O X 0

Then no line L

crosses f at xo o

All line L passing thro 10,0

intersects y tha Their infinite oscillation off

neither cis norcis in the definition
holds

Def A function f abJ IR is said to be

crosses no lines if there is no

xx tf crosses f



TIM Theset 2 1 ft CEAb f crosses no lines

is a residual set in Cta bJ and
hence dense

If Note that

CEAb 12 1 feta b 7 some L crosses f fatsomepts

where L Wtf PER

And we need to show that Crais 12
is of 1st

category

Notation Fa FECEab and 2 ER we denote

jxs fan
2x

subtracting the linear part of
L from f

Let An be the set of feta b for which

I NEEn n X CEa b Set

f act E f Ix f t El x th X totals

f att 2 fix f te x xth toad

clearly An C Anti f n sure x ta CHta ht



Note that t is now the independent variable and

f att E f a is exactly

f Ct Lt E fCx 2X

Fs fit E at fas dx Lt t TE k ta x

Similarly facts fix is exactly

f ft Z Lt Cfcs 2X Lt ft C x xtf

i f CAn f crosses L at X et att HexiHD

with 0 4 and slope Hsn

And if f crosses some L at some then either

f C An or f CAn for some n

5 E A fth or f C A Ah

Denote B ffEC ab f CA

Then f crosses some lines

f E AUB

Hence Cfa b ITE AUB



So we only need to show that An is nowhere

dense th by proving

1 An is closed the and

2 Cab 1 An is dense

Pfoffll let Ifa be a seq in An and

the f wi CIAb3 do

Since fKEAn I 2k CEn n and

XkCCa b

Sit ftp.aht E HD Ttt Xn tu Xk

Hk an't aix
the car

tE9bD

By passing to subsequence we may assume

Xk Xo CCa b

2k do C Eh n

Then
Hawkeye Hawke

htt CHintXD

facts dat E thXD Ma V t C Xin XD

Now V t C Xo 4 Xo I Koto sit



t C Xk pt XD f KI ko sure He2Xo

Then the f in Eats do da do we have

f Ct nots tacos xoxo by letting k tD

Since t CHo tu Xo is arbitrary we've proved

tufts f aoko ft CHo t XD

Seinilarly one can prove

f aft 7 f aolxo V t CHoXotts

Hence f C An i An is closed

17 Let BEG C Ctab be a metric ball

If f f An then BIG n cha bJlAn 1 0

If fCAh by Weierstrass Approximation
Theaen

7 a polynomial pst Ilp floss

Refine guy_past E 94
C Cta b

where 9 is the restriction to ta b of the

jig saw function of period zr satisfying Of 4 El



and slope of the graphof 9 is I'p r o

except the finitelymany non differentiable points

I I

µ via
o 1

Then 11g those 11g photHP fHis

E EstEs E

GE BECH

Suppose that gC Ah

then I C a bT dC En n Sit

g act Eg Ix te x th X

g acts gdad's tea xtts

If 9 E 10,13 then consider f te x th X

putt Eats Lts pastE9W 2x

9W Hts x t Elp pets



By the property of 9 It with It x Isr inboth
sides

sit 44 3 Celt E E

Therefore if rs In then TEH th X sit

Ez H t E pix pets

tr E L try where f Lipconst of P
Heh

It is a contradiction as o

Hence 943EEE I

Then consider f te x xtI

past Eats at Srp tE9Cx 2x

9 91 7EET x Elpits pix

By the property of 9 It with It x Isr inboth
sides

sit 4kt 91 3 E E
Therefore if rs In then tea Xt's sit

Ez ft X E pas pas



tr E E Lta

It is again a contradiction

Therefore g f An And wereproved that

BECH n Icca Dl AD't 0

Thiscompletes the proof of the Tbm

Def A function f Eab IR is said to be nowhere

monotonic if I no interval Ec d Cta is

on which f is monotonic

Cc The setof continuous
nowhere monotone functions

is a residual set in CIABT
hence dense inCGD

Cda b

Pf If f is monotonic on some interval Esd

then L X b with b CCftc f d crosses f

if fld fl c N bC fed fas if fCD HDD

If f fed then f const on Ted T Clearly

many lines cross f Hence f monotonic on



some interval f C Cta b 12

Since Ctais 12 is of 1st Category

any subset of CEA Dl
Z is also of 1st category

set of its functionsmonotone on some
interval

is of 1st category

set ofcts nowhere monotonicfunctions
b

c

a residual

Renick TheThin can be used to prove
Tkm4.13 too



tother application of Baire Category
Theorem

Thm414 Every basis of an infinite dimensional
Banach

space consists of uncountably many vectors

PI let V be a Banachspace

Suppose on the contrary that V has a

countable basis B LWj'sEi
Then V NEEWn

where TNT Span Ws r Wn

ClaidiWn has empty interior

Pt Since V is of infinite
dimensional

V lWn 1 0 ten 3

v cV Iv f I IWn t 0 on 43

ci one can find Vo E VI Wn suchthat

1 1 1

Then f w EWn and E O

w t Eto E Belw n VIWn



B w n VIWn f 0
Wn has empty interior

Claire Wu is closed f n 4,2

Pf Let LbjSE be a sq
in Wh

and converges to some Vo E V

Note that T Wn R
U

EEGWj t cab sans

is a vector space isomorphism

And hence the norm in V I II ajwit v

gives a noun on 113

IlCay an 11 IIE9wi Iv
Since any two

nouns on IR's are equivalent LEX

11Cali an H is equivalent
to standard Euclidean

noun Kai any Taita
I 4 Cz O S ti

v tr e G ITol
E Cz lo ly t vewn

Since be Vo in V he is Cauchy at Afl Hr



I V E O I lo 20 Set

I ve vk.ly CE t l k lo

ITve tunes we the Iv E E te Heo

live is Cauchy in IR withstandardmetrics

By completenessof Rn I a'Etat ant's EIR

St IT v att o as l to
l

let v Flat atWjCWn

we have 1 ve v Iv Ed tire oil o

as is

By uniqueness ofbinit vo o rot Wa

c Wn is closed This prones Claim
2

By claims to
2 Wu is nowhere dense and

F Wn is of 1stCategory But V is complete

this is impossible Hence any
basis of V cannot

be countable


