
 

Cor 410 let d be complete Suppose that

I En with Eu are closed subsets

Then at least oneof these En's has non empty

interior

If Since Eu is closed Eu has emptyinterior

wiplies En is nowhere dense Hence if

all En has empty interior then
I En

is of 1St category and hence I has

empty interior by Baire Category
Theorem But

criteriaof E is E itself which
cannot be empty

Remark The corollary impliesthat it is wipossible to

decompose a complete metric space into a
countable

whim of nowhere dense sets



Cordell A set of 1st category in a complete metric

space cannot be a residual set and rice
versa

Pt let E be a set of 1st category

then E tf En with En nowhere dense

If E is also a residual set then HE

is also of 1st category hence

IIE Eh with En'nowhere dense

I E U LIE En U EFI

Taking closure we have

E EET U EIET

i e I is a constable union of close subsets

with empty interiors

This contradicts Cor4.10



Applications of Baire Category Theorem to functionspaces

Thm4 The setof all continuous nowhere differentiable

functions forms a residual set in CEAb
and

hence dense in CEA b

To prove the theorem we need a leanna

6omna let f EClab be differentiable at
x

Then it is Lipschitzcontinuous at x

It isclear near x The main issue is for points not near X

Pf By assumption f E 0 says E I
I do o

such that f fe x ro Xtdo il x Cand yeca
b

I
t 7 Sakaki



I tap fix leftHENDY XI
Hye x fo Hoo staid

If Eab l X Oo xtdo 0 we are done

If not then fa YE Eab l X so Xtoo

ly XI Zoo

and hence

Iflop fix IE Iffy It If I

E 2 HfHb

E 211th
To ly x

Let L max HHEDI Uffe we have

Hey fix I E L ly XI H y Ela b3



Proof of Thm413 weonlyneed to show the case
CaD to D

t L 0 define

If CCEO I f b Lipcts at some
c toss

with hipconstant E
L

Claud Su is closed

PI let Ifn be a sequence in
SL with converges

to some f C CEO I in da metric

By definition of
SL t n 21

I Xu C To I 3
such that

fu is Lip cts
at xn wth Lip const EL

ie Italy fncx.DK LI y
Xul Kyoto 13

We may assume
that xn x forsome

x'EEo I

by passing to a subsequence
The corresponding

subsequence th is still
convergent fu f in da

Then Ifly ft le Hap fancy ft Italy fait I

E Il f fullestHhly ful xn It Hahn fi I



E Hf fallco t L ly Xal fawn ful It Ifn f I

Hf fullestHy Xat LIXu X It Hf fallco

E L ly XT1241K nlt Hf fall a

Letting h to we have

Ifcys fix91 E L ly x I t yeah

f E SL

Claim SL b nowhere dense

PI let f E SL

By Weierstrass Approximation
Theorem

HE so I a polynomail go suck
that

11 f pHas I
Let the Lip constant of p be 4

notnecessary

I eet ArmI
o l

9K be the restriction to6,1J



of the jig saw function of period zr

satisfying 905 1 Of 9 El and

slope of the graphof 9 is tf
except the finitelymany non differentiable points

Then consider the function

glxj pcxj E.pk
C CEO I

Then
11g f Hoellp that Ilkka

Et E E

On the other hand

II 9h Emile IgcysguiltIpgs past

Eigg 9431 El gigs guy Lily Xl

Note that txt 6,13 I yCEo I near x such that

19cg 444 fly X1
Igassgents Er 4 ly H



Hence if we choose r
4 then

F XEE913 EyeEO I such that

Igap guest 2 4 ly H s L ly xi

ie t X Eto D g is not hip cts at
with lip const L

g f SL

Wehave proved that Vf ESL HE o

BEA is 0

By claim1 SL is closed

hence S L is nowhere dense

Final Step

Let S If CCEOIJ f is differentiable at
some xeEo is

Then by lemma 4.12 FfES f E SN fer some N E IN

by enlarging the Lip const L given
in the lemma

A

s c U SN
N L



s is of 1st Category and has empty interia

Sina CIOB da is complete

Setofcts but nowhere differentiable functions
on 1913

Complement of Sin CEOD

residual set and dense
in CEO13

is a

Remarks.isThe Theoremandits proof provide no explicit

example not even a way to
construct a

Cts nowhere differentiable function

did An explicit example was givenby
Weierstrass

W GB on IR
n I 2h

it comes from Fourier series actually Weierstrass

provided a family


