
 

Note E 5 nowhere dense IIE is dense in E

PI E is nowhere dense
Fx c E and ang r o Brix E

t x c I and any r o B K n ITE t 0

HE is dense

Def let d be a metric space A point

x c E is called an isolated point if
X's is open in

E

Note As Hs is always closed in a metric spay

1 3 is both open and closed in Riff
x is an isolated point

ef IR has no isolated points

All points in 21 subspaceof IR are

isolated t n t Z t.nl BEAD isopen in 2



Prop4.7 let d be a metric space

a E 5 nowhere dense in I

E is nowhere dense in E and E is nowhere

dense in 1 if ECE

b The union of finitely many nowhere dense

sets lui E is nowhere dense in E

If I d has no isolated point then

every finite set 5 nowhere
dense

Pf Trivial

b let Ei E z be nowhere dense sets

Then G El ET and Gz
El ET

are open dense
set Clearly G nGz

is open We
claim that it is dense in I

In fact f xC I and r 0



G dense Brush Gi to
I X E Brix h G

Suite BradAG is open
I pyo such that

BpcxD C Br AG

Now Gz dense BplxD n Gz 0

BradnG nGz t 0
This proves the claim and hence

E UEz L KG n Gz is nowhere dense

ByCa E UEz is also nowheredense

Then introduction Ei is nowhere
douse

provided Ey e Ek are nowhere

dense

c It d has no isolated point

then txt E Ix is nowhere douse in E



Otherwise his Fib contains some open balls

Br ly This airplies y X

and Ix's Brix is open contradicting
the

assumption that X is not isolated

Then by part lb any finiteset is

nowhere dense

G CR du y Ix yl has no isolatedpoint

any Hi
us Xu is nowheredense

But fu countable subsets we have no such

conclusion

IN I 1,33 countable and nowhere dense

IQ countable but not nowhere dense



Examples in infinite dimensional named spaces

Ref Elementary Real Analysis byBThomson J
Bruckner
A Brucker

eof let MIAb spaceof boundedfunctions on Eab3

Then HfHa FaffIfKY is welldefined and is

a norm on MLab

Clearly Ctab3 da is a metric also uecta

subspace of M Laid doo

Clavin Ctab is nowhere dense in Mta
b with

respect to do metric

1 Clearly CIA b is closed uniform leuiitofots.IQ

We only need to show
that

2 t BE C MCab BE f n Mta Dl Cla
BI FO

i If ft Mfa Dl Ca
b we are done

Cii If f E CCab

define g
th t E X E Eab na

Stx Ez X e Ta b l Q



Then ga f IE

11g HEE
i geBoelf

Since la bJnQ and a bJlQ are dense in aid

we have
luiseepgcx feastE e
x a

leggings teas E

we've used that feta bJ

g C Mta bJlCE9bT

BE n M abJlCE9bD 0

Orlycontraction ifgec
95bteng f f.EE aib3nlQL9b3lQ

is continuous which is wipossible

Hence gentabJlCEqbJ



elf let la spaceof boundedsequences with do metric

Let E subset of convergentsequences

Then E is nowhere dense in Clos da

PI Weonlyneed to show 4
es in the following

d E is closed

PIEHL het f Hn
C lol E

Then Xn diverges and

L leuisup Xn binnaifxu L

Take E LI O
3

then f y Lyn
E BECH we have

Xu E s Yu s Xu
t E t a

y
wisupxn E E luisupy n

leinaifyn E luiwit xn t E

luisupyn s L E 2 Ltd since L e

It E Z Luiswit Yu

y Lyn is divergent

Hence BE Close This proves C



E lol E is dense

PfofIIi Let Beckybe a ball in les

We need to show that BE s late 0

If XE lui E we are done

If XE f then x lxa bi convergent

let L ugxn

Then I no O St Xu LI SE V n's no
3

Refute yelyn Ela by

yn f
Xh if n no

if nano n odd

L if nano n even

Then I Xu yn1 o if nano and
2E

Xn yntelxn 4 IL yu.IS Et E b nano
31

dolxiykzgse.ie YE BECH

However leissup yn LTE L E luiwifyy
3 3

i ye Lah E

BE n look t0



Ref A set in a metric space is called of first
category for meager if it can be expressed as a

countable union of nowhere dense sets

A set 5 of second category if it is not of first
category

A set is called residual if its complement is

of firstcategory

Prop48 let d be a metric space

verysubset of a set of first category is of first

category

b The union of countable many sets of first category

is of first category

If I d has no isolatedpoint then every

countable subset of E b of firstcategory



PI a Let ECE be a set of 1st category

Then E Eu for some nowhere dense sets

E n n b 33

let FCE then by Prop4.7cal

F nEn is nowheredense ta

Henie F FAE Fn Ea is of 1stcategory

b let En E En k En h nowheredense

G

Ea U En k
ha

U En k is of 1Stcategory
CHIEINHIV XX

C If E lxo.SE C E then prop4.70

Hi is nowhere dense to

E Ethics is of 1stcategory



Pryde let d be a metricspace

a Every subset containing a residual set is residual

b The intersection of countable many residual sets

is a residual set

If I d has no isolatedpoint then
complement

of a countable set is a residual set

Pt By taking complement
in Prop48

eg4 LR has no isolated point in standardmetric

f j is nowhere dense forany rational

number

Q is of 1St category since
it is a

countable union of 3Gj's

Hence Ik IRLOn the set of irrational
numbers

is a residual set in IR



Thin9 Baire CategoryTheorem

In a complete metric space any set of 1stcategory

has empty interior

Pf let the complete metricspace be
d And

let E E En CE beof 1stcategory

where En is nowhere dense th

Considerany openmetric ball Bronco of
E

Since IT has empty interior bydefinition ofnowhere

dense EE nBronco f 0

let X i E ITE ABrocxo

Since both IET Broad are open

7 r so set Prix C Ei hBrocco

and I s Roz as we canalwayschoose a smallerball

Now Ez is nowhere dense Eo has empty interior



EE n Brixist 0

Similar to the above I Xz E Il ABrick

and rz o with b EE s't

BI C EDABrKil

Note that Brix c nBrix7 CHET road

Repeating the process we obtain xn'sEiCIO
and Ita n C R suchthat

a B.ru ntDCBrnlxa

b rn E I
Z s

C BraunT n Ej V j 13 n

By a lb Ha is a Catchy sequence Hence

completeness of E I XE Est

xn X

By a again Xuan C Brat f m 4,33



XE Brutus
b 44

E Il En and XEBr.NO

since n b arbitrary

XE En EYEEn

is
Hence

EEn ABroko 0

i EEDNB.cxosfcx.ioEnsnBrocxoD

0

Suite Broko is arbitrary E En hasempty

interior

Recall that E is a closed nowhere dense
set

ETE is an open dense set

Hence Thm4.9 can be rephrased as



Thru49 Baire CategoryTheorem

In a complete metric space
countable intersection

of open dense sets is dense

ie If I d is complete and GnCZ is a sequence

of open dense sets in E
then Gn is dense


