
 

1hm4.2 AscolisTheorem

Suppose that G is a bounded nonemptyopenset in IR

Then a set E c CE f GCED a precompact

if E is bounded in supnam and equicontinuous
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Let Ifn be a sequence in E Then E bounded
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ie If we arrange the points of E
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sequence E Ej Sja then t I

fifty is a bounded sequence

Hence one can apply lemma4.3 to find

a subsequence Iga of Ifn's

usingthe same
notation n for the index

such that t x EE guk is convergent

We claim that Gn is the required

convergent subsequence of fu in the

metric CCE doo



Note that we only have pointwise convergence

fr countable many points at this
moment

since CCE da is complete we only

need to show that I gu is a Cauchy

sequence in CE doo

By equicontinuity of E f equi
continuityof His

V E 0 I 8 o such that

I Gnat grey Is
E f n f x ytG
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then V XECT I Zj EEk

such that I x g Ko see figure
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This completes the proof of the Thealmyx

Remains

C Ascoli's Theorem remains valid for bounded

and equi
continuous subsets of CCG

ie No need to take closure

It is because equicartinuas uniform

continuous ar G and then can be extended

to unifan
continuous'mG Details omitted



2 However boundedness of the domain I
cannot be removed
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By chain rule tdaHaq Hdd Hagop

Hence Prop4.1 implies that

E Ifn is also equicontinuous

Suppae I subsequence Ifnj's of tfa converges

to some fECCE in dos

ie fn f unifanly on CT

pointwise convergence fu fey V XEEe

However fafixedx fnl x o t n z x we wont have

his
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This is a contradiction since

0 s 119Ha D
HfryHooE Hfa f Ha E 0

Hence E is bounded and equicontainers but

Ascoli's Theorem doesn't hold



Converse to Ascoli'sTheorem

Thm4 Arzola's Theorem

Suppose that G is a bounded nonemptyopenset in IR

Then everyprecompactset in CCE
must be bounded

and equicontinuous

Pt let ECCCES be precompact

If E is unbounded then I f n E E C CCCT

such that If Itfalls 0

Then this subset Hh's of E cannot

contain any convergent subsequence
This contradicts

the precompactness Hence E must be
bounded

Now suppose on the contrary
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precompact bounded but not equi
continuous

Then 7 Eo o such that f f o
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In particular by choosing E fig fan 13

7 Xu YuEET and fa E E satisfying
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By precompactness 7 convergent subseg Hang

of this Suppose f ECCE is the lui it

ie daffy f 0 as j 7 too

ie fng converges uniformly
to f on G

Sina CT is closed and bounded the corresponding

sequences of paints I
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camergent subsequence
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by lyn and the corresponding subsef ofHqs

by 19ns Then 9h twice do
z in G

Since dayyukht duh ya o ask a
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We've show that t E 0 I no hmaxsko.us ZO

such that

IfindXun theynd154E V n k't no

Taking E we have a contradiction

i E is equicontinuous



Application to OrdinaryDifferentialEquations

Consider
dd fHM

P
e xo

with f continuous only notnecessaryLipschitz

on R to a tota xIxo b Kotb

of course we cannotexpect uniquesalt
but

short time existence can be proved
Noteweonlyproved R

Idea of proof
case but it stillvalid

41 Weierstrass Approximation
Theorem miR d

h

7 Ipn's sequenceof polynomials set

d Cpn f o in CCR

Note that it pn satisfies Lipschitz
condition

Cuniform int By Picard Lindelof
Theorem

I a'a o with aukmuilaiun.LT



where Mn HepaHa R
Ln Lipschitz constant of Pn on A

S't unique solution in CC'Etoah
totan'T

to the approximated EVP

defuse Pact xn y te Etoah total

XnIto X0

3 Then try to apply Ascoli's Theorem to

Xn and find a convergent subsequence

Xan X for some function
X Ct

And hope that X is the required

solution

Issue Suice f is not assured to satisfy
the

Lipschitz condition one cannotexpect 1Ln

is bounded In fact it is
unbounded Otherwise

5 satisfies Lipschitzcondition



Then win fa Fun In o auto

We will not have an interval for
the existence

of the solution

Onthe otherhand as Pu f ni CCR do

we have 14h EM for some 14 o

Therefee to tuplement our plan we need to airprove

the Picard Lindelof Theorem to

Prop4 Underthe settingof Picard Lindelof Theorem

unique solution Htt on the internal Eto
a total

withNtsCExob Kotb where a is any number
satisfying

o s al s at minLa Fy

Clearly this implies 1 unique solution
on the open interval

to at tot a

Pf Omitted or postpone to the end of term if
tune allowed



Thm4I Cauchy PeanoTheorem

dd fctHConsider
P

40

where f is continuous ar R to a to tax Exo b
Kotb

There exists a ECO a and a d function

X Eto al tota's Exo b Xotb

Solving the CIVP

Pt As inthe Ideaof Proof

I sequence of polynomials 3pm set

Pn f wi CRI da

This implies
µn upall yr

M where M After
and you sateifies the Lipschitz

condition

we don'tneed to worry about theLip
Constants

By Prop4I I unique solution xn defined on

In to an t au where an Minha Fa



fake LIVP dd n

Puttin t c In
Xu to x

with Xn It C Exo b Xotb

As an uuila fun ruin la a

for any fixed a'sat
a o 7 no o

such that for h Z no

to a tota CIu to an to tan

Hence V nano

Xu is defined on
to astota's

Claud I i Xn Eto a tota'S is equicontinuous

In fact Up
din
Idt f Iputtin K Mn ft

since Mn M Ilddxtffn.is uniformly
bounded

By Prop4.1 Hn's a equicontinuous



Claim 2 Hal is bounded in Eto a tota do

In fact up

Xact Xo t pals hisDds ft EEtoattota's

i Kutty e Holt al ssup lpals kiss l
E Kol ta Mn

AxnHq asto a
is uniformly bounded

i 3Xu is a bonded set in
toastota'sdo

Then claims I 2 allow us to apply Ascoli's

Theorem to conclude that a subsequence

Xnjiu ttoastota5 da uniformly carafes to a

cts function
X or Eto a total

Claud3 x solves CIVpg 4
taxi

XCto Xo a

ProofotClauis weonly needto show
that

Xlt Xo t fCs KsDds



Note that Xu sateifies

Xajcts xo fefpn.gs Xu Is Ids

Clearly xy.it
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We only need to show
that
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j
Stopages xnjlsbds fotfcs.us
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Since f C CCR R is closed bounded in IRS

f is uniformly continuous on
R

Therefore V Eso Ed o such that

F CG XD Gz Xa C R with

IS Select and txt
Xz led
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On the other hand 11Pa tha r 70
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Therefore fr j sufficiently large suchthat

Nj's no Ha Has 8

we have

I Pnjls xny.isDds fetofts
MsDds

I ftp.tsxujcsdds feofgxg.lsdds

lfeofcs xnjlSDds 5fofcsxcsDdsl

E fatedPhilsXyIss fcs xn GD Ids

Sato It Is xg.is fcs xisDlds

E E a't E al zeal

This shows that ftp.jcqxnysbds fttofisxlsbds

as j to

Chain 3 completes theproofof the theorem


