
 

Proof ofPicard Lindelof Theorem

Fa also to bechosen later we let

D gECEto astotal OctD Xo 4ftEkob
Xotb3

with uniform metric do an E

First note that I 5 closed
subset in the complete

metric space Cfto as totals dos Hello

CE da is complete

Define T ar E by

Tp It Xo t StoSts asDds

This is welldefined as of C Exob XotbJ J
clearly Tg E Eto al ta 3 C9 Ltd Ho

To show Ty EE we need



19 t C Exo b Xotb

let M ftp.pdfttsxil

Then f t E Eto a to ta'T

I CT Ct xo 1 1SfoSts Dds

SM ft Tol
Es Ma

If we choose o a'Etsy then

9 ft Xo1 E b

Tcf C E

This is for Osa EFu

Ti ITE is a self map

from a completemetric space Edo to itself



To seewhether T is a contraction we check

1Fck 19,7ftI xotftofisiedsddD fxotffcsie.isDdg

Jeffs 9GD fo 9 Ids

L Stokes 9colds byLip
condition

E L It to l suplkiss 9,631
Etod total

La datea 9

Therefore If we further require Later 1

then T is a contraction

date 519 E 8daL92,9

with r La C 1



In conclusion

if O s al s ruin la Fu I then

T I 7 E is a contraction on a completemetric

space Therefore by Contraction MappingPrinciple

T admits a unique fixed point x its
c E

By Prop3.11 we'veproved Then3.10

Notes

l ExistencepartofPicard Lindelof
Than still

holds with fct xs is only without Lip Condition

However the solution may not be unique



of Consider fct D 1 142 on RNR

f is cts but not Lip cts

CauchyProban f
INK on IR

Xa 0

has solutions Xit 0 ft EIR and

Xslt t2 teo

ft tao

checks Xs is differentiable with d ziti ft E IR

L X Koto
1 21

2 Uniqueness holds regardless ofthe size of
the interval of existence Proofomitted as

it is more on the curriculum of ODE See

Prof Chou's notes for a proof



3 The proof works for system ofODES just
the X and f become vector valued

Thom3.13 Picard Lindelof Theorem forSystems

Consider up f
fit x

XCto Xo Xo Yy
Ctl

where Wtf
n

C Ex b b x a x Xub Xntb and

Itt

tilt X
f Ctx In

C C R with
it Xl

R to a tot a X Tx b xitb x
a X Xub Xntb

satisfying Lipschitz condition funifamints

f It X fit y IE LIK YI f Ct X H y ER

for some constant
L 0

There exists a unique solution X C dEto a Tota's

with
t C Ex b b x a x Xub Xntb httCHoa Tota

to IUP where a satisfies

osakmuifa.EE here M mf.linsYPHftsxH



4 ThePicard LindelofTheorem forsystem can be applied

to initial value problem for higher order ordinary

differential equations

df m fit x III i
X to Xo

dd to XEVP

q µ Tm

By letting E

f
da then

ti tt

i
H

Ift E
with Ifta

my



Chit Spaceof Continuous Functions

4.1 Ascoli's Theorem

Notation If I d metricspace we denote

Gtx If CCCI HankM f xc I forsomeM

the vectorspace of all bounded continuous functions

on E Clearly Cb E C CCE

Cte set of continuous functions on E

nonempty

Ef If G bounded openset in IR then

Cf E CLE
as G is closed and bounded f ECCE

has to be bounded

Rahat A noun Il Il on a real vector space E

is defined by the following properties



N1 11 1120 11 11 0 X O

NZ 112 11 1 x I 11 4 DEIR

N3 MAYHE kill thy 4

And a vector space with noon E H Il is called

a naar space

A naar space has a natural metric

DX y K X yH

Fad The supnorm HfHas SEE Ifexit

is a noun on GCI

And we always assume GCI with metric

duct g Hf 8 Hos

given by the supname

Similar to CCEa bi da we have



Prep GCI da is complete foranymetricspace
d

Pf let tfa be a Cauchy seq in Gado
Then HE 0 I no20 Sit

Hfm fn t m n Zno

In particular f XE E

EN Ifund thx I E Hfm fn Hd Eg Fm nano

fix is a Cauchy seq in IR

By completeness of IR not E Leggfacx exists

and in general depends on X

Let denote it by

fEx h face F X E E

This gives a function f on E



Clavin f is bounded

1 letting mas wi y we have

V E 0 and H X EI

4 z Ifk fuk IE ET thZno

In particular Hex fnocx Is Eq KEN HEE

HEE
If KEHfn.ua EEqtMo

where Mo is a bound for fho

f is bounded

Claim i f a continuous

If i fno is tf XoC I HE O If o

sit I fnocxs fa.cm sEq tdcx Xo s8

Then together with z

Ifk fcxosffffcxs fndxftffnocxt fnocxoytlfn.ua f I



fat Eq 1 se Hd dad

I f is It at Xo

Since Xo C I 5 arbitrary f 5 Is on E

Chainsaw f C CBA
Finally by Hk sqflfixs fnlxytfE.ttMA

ie daffa f EE then 0

So doffa f o as in co

Tfaatis fu f wi GE do

Notes D we've just proved that CHI da
is a Banach space ie

a complete

aamedveda space

cis GAS is usually of wifuiitedimenginal



egs When IHR a subsetwith nonempty criteria

in IR

Expliciteg I to I CR then Hn n cG

clearly Ix n
is a linearly indep subset

Cb E CEO IT is of infinite dimensioned

iii GM couldbe offinite dimension

eg I Lpi p fruit set wya
discretemetric

Then I IR is a linear
0

I ftp.z ftp.y bijection

Ev A reason for studying GAS instead of

is the fact that CCA may contain unbounded

function and sup nam k Ihs doesn't define

eg 1 112 C A to

However in some cases we still possible to

define a metrix on CCI



If E Rn BIO f KK n f n 133

t te CCkn define

dff g
f 9HgBn
It Hf SHABIO

where It Ha Bato
is the supnoun on the closed

ball BIOS

Then d is a completemetric on CARD

Cvs CblE magnethave Bolzano Weierstrass property

Recall Bolzano WeierstrassTheorem inRn

every bounded sequence set
has contours

a convergent subsequence squeak

eat CiscoD CEOD let fnlxt xn.xe o.is

Then HfaHas I t n

Note that pointwise limit faks I o
IFherwise

no subsequence colleges in Cbl6,1J



In view of note c we need furthercondition to

help us to find convergence sequence in subsets

ofGCI

Def let I d be a metric space A set E CE

is called a precompact set if every

sequence
in E contains a convergent

subsequent faith limit in I
notnecessary inE

If further required
that the limit belongs

to E then it is called compact

Note Compact set is a closed precompact
set

Pfi let Hnk E

E precompact
I Xa E E I

E closed Z E E

Hence closed precompact compact

The otherdirection compact closed precompact istrivial



Ef Bolzano Weierstrass

ECR is precompact E is bounded

Heke ECRn is compact E is closed bounded

Def let CA d be a metric space A subset E of

CCI is equicontinuous if HE 0 I do sackthat

Ifix fly I s E f f EE e da y ko x yet

Note Clearly if e a equicontinuous then any E
is equicontinuous

0

Eg If I G CIR G open
bounded They

f C CCE is always uniformly continuous

tf E 0 I 8 O s it

If fly K E f d y Hy ko xyet

The 0 here usually depends on f
Comparing the definition of equicontinuity



E is equicontinuous if we can find a uniform

or 0 for all functions f e E

ie 5 is independent of points X GEE and

functions f E 8

noun
empty open

boundG

Ef A function f defined on a subset G of IR is
called Holder continuous if I f CCo 1

suchthat

HAD fly IS L I X y K t X y c I

for some constant L

The number x is called the Holderexponent

The function is called Lipschitz
continuous if

holds for 2 1

For a fixed DECO 1J L 0 the family

E f f CAGT f Holder Lip with exponent4L and L 0

is an equicontinuousfamily



Pf HE o let 0 0 suck that Loke

Then tf c Est x y EE with IX y leg

Ifix figs IE LH yl e Loke

Prop41 let E be a subset CC where G is a

nonempty convex in IR Suppose thateach function in

bmpenaded E is differentiable and there is a uniform

bound on their partial derivatives

Then E is equi
continuous Sfa some M l

k

ie E If E CIE f differentiable 1K 14Moti
is equicontinuous provided G is convex

PI A x y E E G convex

Xttcy x CG ft C Igt

Then fays fix Jo fatty xD dt



SoEe 3 Atty xDcyi xi dt

EE fS ftp.fxttcyxddtjcyi xi7

I I xttyxDdtT ly XI

E ThM ly XI where M uniformbd

on the partialderivatives

Then by the above example E is equicontinuous


