
 

let see some examples before proving the IFT

egad let F Lois x f A as Rf
Cr Y 0 7 croso tsui

Then Df Oso MinO t cr o
SuiO raso

invertible

Then IFT F is locally invertible at every point

Cr O E OM x f Aid But Fe's clearly not

globally incredible as it is not one to one

FCt Ot 21T Fft O

egI9 G open interval Ca b in IR
Ft

is a special case d function f Cab IR

with f't o f strictly increasing a decreasing

global inverse exists

i I din has stronger result than high
dimensions



eg3i.ci F Bf 71122 CXy IT Cx393

DF 28 9 singular at cx.gs40,0

F doesn't satisfy the condition DF
invertible

in the IFT

And clearly f is notinvertible near existed

as Ffta b Cobb z to 1 near 0,02

DF invertible condition can't beremovedfrom IFT

Is It Rn Rn ex y l cx3y

is bijective Htcx y Cx3y exists

But pH 3029 singular at DYED

Thepoint is

IT is not C near Gigs40,03

c DF invertible is only a sufficient

condition for local invertibility



Terminology The condition in IFT thatDfcxdis.ine is called the nondegeneracy condition

By eg3 IO without nondegeneracy condition themap

mage a maynot be local
invertible

But Nondegeneracy condition is necessary for

the differentiability of the local inverse

prop3 si Let F UCR Am R be C and

X o EV

Suppose I open V sit Xo EV CU and

F fu has a differentiable inverse

Then DF exo is non singular lie invertible
1

If Suppae the local inverse r exist and I

differattible at the point yo Faso Then

chain rule prey y Dfa Identity

DFCxD is invertible



Pr IFT Thru3.7

SpecialCase Xo 0 yo 47 03 1703 0

DFC L the Identity

Stept let 4Ixj xtFcxs

Then It o set

KINDLICHKEIK X11 on BTO

Pfofstept

AS OEU and V is open Iro Ost

BroTo CV

Then
VIK VICK X thx tXz FCK

prop3.6 DFCxzttCxrXzDdt CX XD Xi XD

DFCxatthikDdt I CxrX2

FCXzttcxrxzD DFODdt.CHxD



As f is C we have

V E 0 I r o re to such that

HDFC x DFID Il s E F XCBIO

where
11 big If forany Mn matric bij

Since BROT is convex

XyXzCBHOJ Xattaatz CBID

Hence

HE 0 7 KO retro suchthat

11DF XzttCX XD DFIDIl s E f Xi xzEBrTD

and t C0,1
Therefore

I IND EKall E E ki X4

Choosing E so then It o te ro s it

VIHD VI Xz IE ElXl Xz1 f Xi XzC BIO

This callpleteste proof of step1 ofthe specialcase



Step r o as in Steph Then

Ty C BE I XcBrio such thot

FCx y
And the local uverse G of F

G BELO G BELO c Brio

satisfies
pacy Edy k z ly yal f bye BEA

with G Belo open in BHO

PfofstepIi By step one can apply Them3.4 Perturbation

of Identity to show that

ty CBRIT with R Ct Es r E

I X CBrig set Fix y

Then by remark 3 afterthe proof ofThem3.4

whichis theRemark3.1 of Prof Chou's notes

we have
lacy Gogol 19594

21g921 VyyyztBI.co

Finally remark GCBzcoD is open inBHO



Steep G is differentiable on Belo

and DGCy DF5kGlyD HyeBELO

PfofStep3 As DFID I wemay assume that

Dfw is invertiable t X CBHO for the

r o given in step1 since wemayalways
choose a

smaller r in the proof of step 1

Let F BEGtfBrb and

F G EdoD GCW 70

Then G W V and F V 5W

By Chain rule if G is differentiable then

DFCGGD DG I tytw

hate
DG CDF54 D sowetargetHDTGM

as theeyegeaur.IT
For y E W BELO yity E NE BELO

we have
y cyity Yi

FCGlyity FlGlyn

Denote XEGCyity and Xz Glyi



Then y FCXD FM
props6

DFlxzttcxrxzddtfcxs XD

fo DFCXzttlxrxzD DFHDJdt.CHXz

DFW CX Xz

Hence

fjtxdy CDFJLXDILDFCxzttcxixzD DFcxzfdtck.la

Xi XD

ie Glyity Gly DF5tGG R
Gcyp

where

R FJKXDILDFCXD DFCXzttcxi xzDJdtck.ms

Observes that

lxtxf IGcyitys GCy.VE Htys yi step2

2lYl

we have 1 1 21 70 as tyto and



lRy E 211DEna 11 11DFW DHxitarkDHdt

By assumption F is C xyxzEBIO we have

gtfo
1 o

Therefore Glyity GID D Glyn y 04yd

which replies G is differentiable at y EBrzco W

and DGCyp CDFICGHD

Final stepfa specialcase G is CYBEAD and

furthermore if F is
KH then G isCk

Pfoffinalstep By assumption DF is cattaiaoes

and witutiable on Brad Linear Algebra

Df5 is continuous Thereto by.Step3

edstepDDGly5RFJCGtyDbCmtaiaoas.Honce Gb C



The fact that F is Ch Kal G b Ck

is by differentiating the identity DGlyt

DF5kGbDandoisduction.xyGeno

iCaeside.r
Ead DF5txo5FCXtxo yo

Then Fco O

E defined on an openset F U Xo

L x x Xo EV

with O E Tand
DELOS Etcxd DF CX0 I

By the special case I r o such that

7 i CT BELO GIBECoD c BHD CT

St ET is the local inverse of F

Let The DFCXo BELO Yo

F GTBEAD Xo their VCU XoEV



and
q W V by

GCyj GTCDFJtxoscyyoD xogtytw.ee

clearly G maps WbijectioneontoV

Swill f DF5txo5FHtXo yo

we have FCxtxoj C.DFXXDECXS yq VXEB.ro

F X F Xo FIX Xo tyo XEV

Hence Hye w

F Gly yo 1 F exo FCGly Xo

yotfDFXXDFLGKDFJtxoxy
yoDT.by
definitionofG

yotfDFXXDKDFIcxoxyyodsuaE.GE
yoty yo

y



i G is the local inverse of F

The remaining facts that F Eckchab GEch

is clear from the definition of G and

the results on E G E in the special

case

DEI Ackmap fit 5W V WopenaiRT

is a Ckdiffeomaphis if F'exists and is
also d

Note t is The IFT can be rephrased as

If F U CRI IR n CCk and DF

is nowsingular at a point Xo EV then

F is a Ch diffeomorphism between some nbds

V and W of Xo Kyo respectively



dis If f it W is a CKdiffeomorphism then

A function of W R there corresponds a

function y p of T IR Conversely

A function 4 V IR therecorresponds a

function f To F W IR Moreover

9 is a 4 is Ck Thus every

d diffeomorphism gives rise to a locale

d change of coordinates e



ThmI5 Implicit FunctionTheorem

let U be an open set in RH Rm

F U Rm is a d map

Suppose that exo yo EV satisfies FCxoyo o

and Dgf No yo is invertible in Rm

Then
as I am open set of the fam VINE

CU

containing Ho Yo and a d map

clR CRM
Cf V V with 9cxd yo

suchthat f x 4 3 0 t XEN

2
Cf V Vz 5 Ck when F is Ch K ko

Moreover assume further that DFy is invertible in 4 72

Then if Yet 5k is another d map

satisfying Fox 41 1 0

we have 4 9



byte
If f

F c x no Yi Mm

Fm Xy xn y y µ
then

F 2 F

Dy f IT Fm
1

1 on from Rm to Rm

In general for a map f such that DF exoiso has

rank in then one can rearrange the independent

variables to make the man submatrix corresponding to

the last in columns of the Jocabian matrix invertible

ie in the situation of the theorem Hence the condition

DFyHobo is invertible in the Implicit Function
Theorem

can be generalized to rankDFHodo m


