
 

Ch3 The Contraction Mapping Principle

3.1 CompleteMetric Space

Ref tet CE d be a metricspace

4 A sequence Ha's in II
d is a Cauchysequence

if HE 0 I no Sta dexn Xm E t n m Zn o

e CE d is complete if every candy sequence
in d

converges

3 A subset E is complete if the induce metricsubspace

d is complete ie D d Ie re

ie every candysequence in E
converges with lui't ai E

NotI Convergent sequence
is a Candy sequence

CEx

Prop3I het Ad be a metric space

a Every complete set a I 5 closed

b If E is complete thenevery closed set in E

is complete



P a let ECE E complete

Suppose l Xn CE with Xy x in E

By note I Xu S is a Candyseq ui E

Then completeness of E xn ZEE

Uniqueness of leinit x Z C E

E E is closed

b let E d becomplete E is closedin E

Then everyCandy seq Ku's ut E is a Cauchy

self in E Completeness of E Ix G E

S't xn x SinceE is closed X EE

E is complete

egad R standard is complete

Eab C A BI Ea a complete

Ta b bfinite not complete f XEb th botta D

Q is not complete



eg E Ccab3 da is complete

Cauchy seq Ifn in dos metric

HE O Iho sit

Max Ifucx final E kn m Zno
Ea b

fuk fax uniformly forsave f CCrais

eg Let p If ECEyb fix pex area b for some

polynomial pix S

Then P is not complete in dos metric

huh Eoff EP
but hix ex uniformly midosmetric

ex f P



3.5 Appendix Completion of a Metric space

Def A metric space E d is said to be isometrically

embedded in metric space l'T 9 if
a mapping E E F st

dex y pCOINS EBD

Notes d OI is called an isometric embedding

from d into CT 9 And sometime

called a metricpreservingmaps
ii OI must be one to one and continuous

Def let II d and CF g be metric spaces

We call CT g a completion of CI d

if i CTg is complete

7 isometric embedding OI I d L'T

such that the closure OICET T



age CTg IR standard E Q C IR

CE d Q1 inducedmetric

Then CK standard is complete

E CQ widenedmetric IR standard

1 q

QT IR Q is dense in IR

tQ

Thm3 Everymetricspacehas a completion

If i.SK fProof

let d be metric space

Let E I kn C I Hn Cauchy sequence

Refute equivalent relation
n on E by

Hn ly n dan yn 0 as a

Let E the quotientspace



Refute of Ex G IR by the following

Fa I equi class His

I equi class lyn's3

DTR5 LET dlxn.sn

Then IT is well defined and is a

metric on E
One teen proves E OT is complete

I I d E d defined by
W

E Lx X X 55

is an isometric embedding

And one can show that
closureinCBI

ICE

Def Two metric spaces CE d CE d's are

called isometric if I bijective isometric

embedding from CE d auto El d



Notes ai the inverse ofthe bijective isometric
embedding is also an isometricembedding

Two metric spaces will be regarded
as

the same if they are isometric

The If CT p CT f are completions of a

metric space d Then CTg and

CT p's are isometric

ie Completion is unique up to isometry



3,2 The Contraction Mapping Principle

Eef a het E d be a metric space A map
T Ad Ed is called a

contraction if I constant r C Co 1

suchthat
dCT Ty E r dex y TXYEE

G A point x C I is called a fixedpoint of

T if Tx X

Usuallywewrite Tx instead of THI

Thm 3 Contraction Mapping Principle

Every contraction in a complete metric space

admit a unique fixedpoint
This is also called the Banach FixedPoint Thm



Pfi Uniqueness Suppaexayarefixedpts
of 1 Then

da y dCTx 1g y are fixed

Erdal y for some recoil
f contraction

day o x y

Existence let XoEE

Define Xn nE by Xn TXn I fnn z

Then Xn Txny T TXn D 12 Xu z

T Xo

For any n7N

d xn xn dCT o TNxo d NtNxo TNXo

D T Io T TNKo

ErdCT
N TN Ko

whereTHO D is the constant sit dcqTykrdcx.gl has



f

E r Nd T Mxo Xo

E8N DCT Mx T Nfo d T Yo T Mx

1 t dCTXo Xo

E8N dCTxgXo t rdCTxo Xo t

Hn N ZdCtxxD tf d xD

y
N

Hr In t
dCTxoXo

RN
fr dCTxgXo

Therefore HE O if N o D chosen S t

INFdCTXgxo Ez

we have f n M Z N

d xn Xm E dexn XN tdf XN Xm

Ez Ez E

Ha's is a candy seq wife
d



By completeness of CE d 7 NEE St

Xu 7 X

Note that a contraction is always contaiams
ExD

we have
x nhsisxa f.gg Tx i TLEisxa i Tx

x is a fixed point of T

93 3 T gig o I caution QD is not

t E
complete

clearly 1 Tx Ty1 IX yl F Is I

T is a contraction

However if X C fo D is a fixed point of T

then Tx X x x o f CO D

T has he fixed paint on
CO IT

This example shows that Zeus is necessary

in the Contraction Mapping Principle



eg3 S IR R
X H X Logue's

IR 5complete

Then dd I ex

lsx syf fdswllx ylslx

YICYIIFyfsnorifsytantf.gesunhat

since logate to EXER SxFX EXER
no fixed point

Thisexample shows that 84 cannot replaced by El



3.3 The Inverse FunctionTheorem

Notation let F U CIR IRM bedifferentiable

at a paint p in an openset U of R We

write
f ftgm ERM

where fi fi Xj xn V R ti b m

Then F differentiable at po C VCR

f pot Z F Cpo DFCpo Z o Z

t E fiz sufficientlysmall

CIH small

where

Deepa f
i

I Final
ie fpfcposzj g.IE IIIepaz g it m


