



































































































































P AutCD AutHH is agroup isomorphism

Pf We'veseenthat P is bijection it remainstocheckthat
Tis a group homomorphism t 9,92E Aut B

P chock F'offo92 of

F toQ o F o F oGz o F

TaeDo Pak

Remark Thisfact canbegeneralized to anycarformallyequivalent

opensets U and V

Explicitdescriptionof AutatD

Thru24 f EAutAH

f AZtb
cztd thesome a b C de IR

Ad b c 1 70 Saff

Remarkshiyabi d E IR notjust Q
Cii any f e AutCIH is a fractionallineartransformation

city any f C AutCID is a fractional linear transformation

Pfof1hm2.4
E ad bC 1 ca b Cc d are linearly independent

inparticular Gd can'tbe 0 simultaneously

fc f f is well defined and non constant






































































































































C DEIR fisholo in IH
Now fcxtiyj acxtiyt

bccxtigiq
laxtbjiayccxtdjticy

kaxtbtiabJT.cc1dg icy
cxtdj e.gr

ImfCz aYKxtd cycaxtb Cad boy
CxtdJ Eye I Cztd 12

Y
Icttdp

O Hy o

f IH IH
Observe that gczk.dfzi.ba has the same farm

with coefficients satisfying d a Cb C c 1

i g is well defined halo in 1H and

g IH IH

Straightforward calculation

fog aHE a tb alotb tbc Ata

cfdE td adz b tdfatal

ad bC Z z
ad hoc

Seinilarly got z

i 9 5 and hence 5 CAutCAD

denote

If fEAutatt then f 5km EH






































































































































If f Utiv U VER V 0

Then 4171 7,4 FvZtt EAutAH
O Z 1

as Fu ro ft 0 1

And 14ps Cutiff U i hence 4 tiffs
I

consider 8 504 c AHAH
1

Then gciS fo4c fCf e

Fig Fogo CAutCD where Ft E3 i

satisfies
F g o _FogoF to Fogle Fci O

Schwarzlemma Mcg H ei20z for some OER

g F'oFfg of F ei20f.cz

I eia
steizoC.EE

i dteialzxecteizojflei20 jz eclte.ro
0 if

ice te Sz eLeia e
it

eio e iojz iceio e.io
1 asf Zfoul Aino

Siro Z Cbo






































































































































i f lest 41 sino

sina.FI
tcesOcesOr

z CUosOtvsio I
re

sniff z curious01

Clearly coefficients are real and

Cest Uss0 Ucsf C suit C UGO tusino
Fv Rr F T

650 1 sino I

e f is of the required farm

Remark Theproof intheTextbook uses the following relationship
between fractional lineartransformationsand 2 2 matrices

fnfzt EE.ba M EI

Note that Cis f Id where E bi
dis fmofMz FMMa

Pf ai IIIT b adazztbdtb.kz dz
G 92 Ibd tdi cCait1k tdiKetola

CaiaztbG Zt Aibztbda
Gaztd a Zt CCbudda

provided CGdi to cz.dz o






































































































































Ciii Bylissuis fait exists M exits
I
fatand Fy

Civ However fam fm Infact fµy fm theElad's

Forthe purpose of proving 1hm24 the Textbook considered

5121112 M Ibd a bCDEIR detAD ad be I

real special lineargroup of degree2

and Thur2.4 can bewritten as

oup

AutAH Sk det psy
real projective

tattoo

forefathers o



53 The Riemann MappingTheorem

3 1 Necessary Conditions and Statement of theTheorem

The Problem determine conditions on an nonempty open set

r that guarantee the existence of
conformalmap F R B

Then far satisfyingthese conditions Dirichlet problem
in R is solvable

Necessary conditions

4 If F R D conformal then

sup l F I I
2 Er

Therefore rt otherwise Liouville'sThin

FEE const which cannot be conformal

For convenience let me call a non empty set r

proper if rt E

If F r ID conformal then F r D is a

homeomorphism and hence R and D are

topologicalequivalent In particular

r must be simply connected region
X

openand
connected in 6



Thru3.1 Riemann MappingTheorem

Suppae region R is proper and simplyconnected

Then V zo ER 7 a unique conformalmap
F R ID such that f Zo o and FEzo

ago

Thismeans FEEDHR
and fEzo 0

Cor3.2 Any two proper simplyconnected regions in Q are

confamally equivalent

Remark Hence simply connectedregions in a fall into only
2 conformalequivalent classes Q or D

Proofof uniqueness of Thm3.1
Suppose that F r D G r D are conformal

and satisfying FGo Gtfo
FEzo O GEZo O

O

a

foci
Zo

G
J

O



Then H B ID conformal

and H O Fo G O F Zo O

H C AutoCAD

BySchwarz lemma moreprecisely Cor233

HE eOz for some 0 E IR

ei0 H'cos FEEcos Icayo f EEE
real andpositive

et 0 1
And hence Fo G 5 Z F G

Fiatensepart ismuchharder and will behandled in the
next two subsections

3 2 Montel'sTheorem

Def let Ric beopen A family F of holomorphicfunctions
on R is said to be normal

if every sequence in F has a subsequence that

converges uniformly on every compactsubset of R

F is called precompact if one canmake the convergence as
a convergence of a metric 02 d SeeMATH3060



Def te r ca beopen A family F of holomorphicfunctions
on R is said to be

11 uniformly boundedon compactsubsetsof R

if t compact set k c r I B 0 suchthat

If I E B V zEk and f t F

equicontinuous on a compactset K

if HE 0 I 8 o suchthat

whenever Z W E K with IZ W k d

then I fed few I s E V f f F

Ex review MATH3060 on the relatedproperties

In metricspace setting of familyofcontinuous functions
the properties d and us are independent However

for family of holomorphicfunctions LD 2h thanks

to the Cauchy IntegralFormula

Tbm3.3 Suppose F is a family of holomorphicfunctions on r
that is uniformly bounded on compactsubsets of R
Then

i s F is equicontinuous on every compactsubsetof r
dis F is a normalfamily



Pfofds
Let Kar be compact
Then I r o such that ft Ek Dsr CR

nosrctsdistlk.hr
r

I z

If Z WEK and Iz W Is t l

let 8 2Darlin
Then Cauchy's integralfamula

fC faut z f d's

Ifes ffwilezfftfbygz s.tw ld3l

zfTfgIfB31lZW1BzHSwyld3

His 1 TY Ids1

By assumption I B 0 Sit If l EB HEER ft F

we have Ifk fault E Bftp.wl 2T Gr 212g Iz WI

V Z WE K IZ W1 Cr Ff EF

This implies F is equicontinuous Ext



To provedis we need the following

lemma3.4 Any open sets E has a compact exhaustion

Recall

A compactexhaustion swipecalled exhaustion in theTextbook

of r is a sequence
1Kef of compact subsets of r

such that
cis ke C uit key t b 1,33

dis tf compact subset K of R I ke suchthat
KC ke

In particular D ke

Pfof lemma3.4

If R isbounded Ke I ZER distCt or Eet
is the required compactexhaustion

If R is unbounded

Keizer distCF ar zte and Iz ke
is the required compactexhaustion

Ex give the details

PfofCli's ofThm3.3
let Hn5nF C F be a sequence
let Kor be compact



Then byCis Has it is uniformly bounded and

equicontinuous on K

Arzola AscoliTheorem on the metricspace CCKda
review MATH3060

subsequence of tfa's converges uniformly on K

let IkeSE be a compactexhaustionof r

Then Ha 3 has a convergent subsequence Ign i ar ki
in uniformmetric

Applying thesame argument

9 1 has a convergent subseg 19ns's on kik
in uniformmetric

And so on we have subsef Ign e of Ifn
satisfying

ign.es converges uniformly on Keo ok

c'is Lgn et is a subseq of 19ne's

Then the sq lSnn's is a subsequence of Itn
that converges uniformly on ke t th 3

SinceIke's is a compactexhaustion of r

gan's converges unfaely in any compact Kor

as ka ke ta some e This proves F is normal


