
 

Ch7 TheZetaFunction and PrimeNumberTheorem

Def The function Tl for x o is definedby
Tix number of primes p e X

Prime NumberTheorem

Tix X

log
as x

Recall Asymptotic relation fixing as x co means

that face
gag

1 as x on

goalofthis Chapter use 36 to prove PrimeNumber
Theorem

1 Zeros of the ZetaFunction

Relationshipof 563 to prime members

Sls Tpl ftp.s Reiss 1

where the infinite product is over all primes

Pf Fundamental theoremof Arithmetic
the 133 S n pf Pmkm in a unique way
where pi are privies ki z 0 are integers



For integers M N

ftp.LHptstytys t pits PEN in pings

with his M and M E NN

Note that pizz t n EN

n pin palm for pi EN and biEM

ftp.LHptstfpys
t pits II nts

On the other hand
p µcp pmkays

has onlyfinitely

many terms we also hate
a

PINftp.tstfpys t pins E E 3Css

Note that we have used the uniqueness of primefactorization

I JM11Now by Hptst s t pigs i p
s

N l fpsyMHwehave Ins e TI e 361
PEN I p

s

N

letting M w M N the fin E 361

Then letting N A weproved the Relation for s 1



Think Theonlyzeros ofScs outside the criticalstrip
Of Reis E l are 2 4 6

Pf Fa Reiss I S TfFps 0

For Recs so we usethe functionalequation

563 54 s

where

56 TIE ME Scs
Rewrite the functional equation as

Scs FEET IT N 7 sets

Recs so Rea s I SCI S3 to

clearly M 3 to IT to

and byThur1.6 HYE haszeros at E It 3

All together the zeros of Scs in Relsko are

exactly 5 3 4 G

Remarks is Riemannhypothesis ThezerosofScsi in theaiticalstripe
lie on theline Recs E

Ci's se z 4 6 are called the trivialzerosof561



Thm1.2 51 It it to t t

Remark the pole 5 1 ie t o is included

Theproofneedssome lemmas

Lemma1.3 If Reed 1 then

log'sG pEmMI p
sm

for some Cn 20

Pf Fa s 1

log's logTf pI log

FEE In
m since pse f's1

Since the double sum converges absolutely we have

logsG EmImFsm

Clearly the absoluteconvergenceof the double sum holds fu
Recs I C lp'sI p

RS s f's1 the RHS defines

a hole function on Recs 1 Thenuniqueness of analytic
continuation logsb

p
Zmtap'm it Recs 1

Note that the general term of the sum is tm pm5s



A
we have logs 2 Cars with

her

a L
Mt if a pm forsome prine p
o otherwise

Lemma1.4 FOER 31 460 1602020

Rf 314cesftceszo 2CHCAO5 lk

Corts If 5 Flit with T I TER

then log 54Gt it Scotzit IO

Pf log 54Gt it Scotzit
3 logIS It 4loglscotity l.org 5CttzitS

3ReiLlog5CDJt4ReLlog5lrtit5ft RetogscotzitD

By Lemmalis
3 E CnRetro 1452 GRefn

it
t cnRefn ataity

Icu 3h type e Hittegny Ree
Gta't
egg

EnCn 3h rt 4h Testtlogn th Testatlogn

En Cnn
r 3 146ftlognstoscztlogh

70 by lemma1,4 lemma1.3 that Cn 70



Pfof 1hm1.2
Suppose onthe contrary that

5 Hito 0 for some toto

we consider the 3 factors in Cor1.5 for o 1 a t to

Since 563 is holo hear 5 Hito toto
m

SCS s Hito hls near 5 Hito

with a MZ 1

his holo near 5 Hito andHCHito to
Hence

ex I Slotito 14 ECG D as it 1 Co l

forsomecrest C 0

Thenusing 5 I is a simplepole of 515 we alsohave
Ci

a e
1310313 E

1,3
as r 7 T i

Finally Scs holo hear 5 It zito

4 g I 5Gt zits l E Cz as a 1 o I

Combining Si z H and Cor 1.5 we have

1 E 1590354fte to Scrtzito I o as r I co 1

which is a contradiction The proof is completed



1 1 Estimates for Hscs

Prop1.6 HE 0 I Ce O St

E Cattle for 5 rt it rel and Ith l

Pf By Corts and Sisi onlyhas a pole at 5 I wehave

1590354Gt it Scot zit l Z l t 021

By Prop274 ofChf taking ro l Crace 03

Blot zit I E C It I
E

t 021 It121

Hence I E 154054ft it l C it.IE
Then suirilar to Hk in the proof of Thin 1.2

15hrs1 E E fa r 1
0 133

5 133
Cs E O

Hence 154mi Iz t r l d Ith l
Itle

and clearly this inequalitytriviallyholdsfor 0 1

Hence Ca Cale so

3 15Gt it I 2 Cacti It1 fool Itt's 1

Note that by Propatciis of Ch6 we have

for T 021

13Co't it 5Gt it I E 15koctet 110 TI fa sane reocet

E Cs ITIElo T1 Cs GCes O

E G Itf l o's F l



let A Eff o

Carel o Iz Altite
Then 3 13Gt it Iz ca Iti't Itt

A It
4E

Case2 f Is Altite
Take 050 such that 0 t AltFE

Then triangle inequality

Blot it 131310 t it I IScotit Scotty

Z Ca 4 Itt G Itfcr't

fact It G Itf G't

CA ty5g4ltT
CsItleJcr4j

LCa 2c45 ltlE CsltlEJco't

Cs ITIECT't

G A Itf

Hence HE o 15Gtit 12 Celti where Ce muiK4A GA's

Replacing 4E bye we have

13Gtit 12Celtic with a new Ce



2 Reduction to the functions 4 and41

Def Tchebychers 4 function

This
p

dogp
p

fog dogp

I Aln
lEnEX

where men
logP if Apm for some primep me I

o otherwise

Remarks41The sum
p

is over those integersof theformpm that
are E X

di Eu greatest integer EU

Prop2.1 If 4414 as x is then Thx as x is

It omitted as it is completely a real analysis argument
Reading Exercise

Remark ConverseofProp21 holds

Def 4Cx Sf4cu du

prop22 If 4,1M as Hos then 143 X as x 70 and
therefore IT as x A



It omitted as it is completely a real analysis argument
Reading Exercise

Prop2.3 V c I

4k 1 III f 513 ds
The integral is alongthe vertical line Recs C

Pf
Steps 49 EENnn Rs 1

In lemma1.3 we haveproved that

log515
p
2M Im p

Ms

5
Em Imf meogp p

ms

EEE Z.mceogpspmknI.mn

Step2

lemma24 If C 0 then

ziti It scoffs as it o sa e i

l ta if I E U

The integral is alongthe vertical line Recs C

clearly the integral converges as last a



Case1 A 21

Let f log azo and consider

5CD scoff Is which is meromorphic

with simple poles at 5 o 5 1 with

refs of 1 and res if ta

let MT S CLT bethe contour as in the figure Tsai

a it

a SCT

lo c

c IT

where SCT verticallinesegmentfrom c IT to Ctl'T

CCD left half circleofradius 1 centered at c

Then ResidueThoreau

ziti folds I at

Now if 5 rt it CCCT then last b HF c T c D

Hdds esY ds e Jae yds
Bc

ReSEC BZo
E

pg
ITT 0 as T 70



2Tict f tsSds
gifts

t Edds

Ifcssds as T o

i II 9 ds 1 a feast

SCH v CEFaniarotomash
weave

I

fads yds Inopole

eSloga
inside

Sect s
ds log'aso

Resto E e IT'T a eject ITT O

andthesame argumentgives

0 folds Seafoods
Ctia
S g

ds as to
c in

Step3 4 Nnxx n

nCU

4cus Z Nn
ENEU f

l l
n u

NMfrin
where fam 11 if u'm

0 otherwise



4,1 7 5 4cu3du
So Hulda as 4cal for cruel

J Nnsfncu du

E Nn Sffniu du

n
Nn Sffncu du as n X a free 0

Nnxx h

Finalstep Farc I

t.is 5 nfEsisdds

by Steph Sii E Yas ds

Res C 1
ctia

7 dsX Nh ztibaics
sett

bystep2 x Nn gl if 71

otherwise

X
n
Mn Ct

n
Nn X h

bySteph 4


