Regular surfaces 1

1. DEFINITIONS

Definition 1. A subset M C R? is said to be a reqular surface if for
any p € M, there is an open neighborhood U of p in M, an open set
D in R? and a map X : D — M N U such that the following are true:

(rs1) X is smooth.

(rs2) dX is full rank: X, = %—f and X, = %—f are linearly indepen-
dent, for any (u,v) € D.

(rs3) X is a homeomorphism from D onto M NU. (That is: X is

bijective, X and X! are continuous).

Let M be a regular surface, a map X : U — V where V is an open set
of M, satisfying the above conditions. X is called a parametrization,
and V' is called a coordinate chart (patch, neighborhood). 1f X(u, v) = p,
then (u,v) are called local coordinates of p. So a regular surface is a
set M in R3 which can be covered by a family of coordinate charts.

2. EXAMPLES

e Graphs: Let M = {(x,y,2)| z = f(z,y), (z,y) € U C R?}.
o Sphere: §? = {(z,y,2) € R?| 2? + y? + 22 = 1}.

S? can be covered by the following family of coordinate charts.

(i) One of them is X(z,y) = (z,y, /1 — (22 + 4?)), (x,y) € D which
is the unit disk in R2.

(ii) (Spherical coordinates) One of them is:

X (60, ) = (sin b cos @, sin O sin ¢, cos §)

with {(0,¢)| 0 <0 < 7,0 < ¢ <27}
(iii) (Stereographic projection) The unit sphere M is considered as
the set 22 + y* + (z — 1) = 1.

7: M\ {(0,0,2) = N} = R?}

so that N, p,m(p) are on a straight line. Then X : R? — M \ {N} is a
coordinate chart.

X (u,v) = (

4u 4v 2(u* + v?)
w4402+ 4w +02 44/,
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3. BASIC PROPERTIES ON COORDINATE CHART

Proposition 1. Let f : U — R be a smooth function on an open set
U C R2. Then the graph of f defined by the following is a regqular
surface:

graph(f) = {(=,y, f(z,y))| (z,y) € U}.

Proposition 2. Let M be regular surface and let X : U — M be a
coordinate parametrization. Then for any p = (ug,vo) € U there is a
open set V.C U with p € V such that X(V') is a graph over an open
set in one of the coordinate plane.

Proof. (Sketch) Let X(u,v) = (z(u,v),y(u,v), z(u,v)). May assume

that (UO,U())
€ X
det v 0.
¢ ( Yu Yo ) 7

Let (zo,v0) = (x(ug,v0), y(ug,v0)). By the inverse function theorem,
there is a nbh of U; of (ug,vy) and W of (xg, yo) so that (u,v) — (z,y)
has a smooth inverse . Then the image of U; under X is of the form

(z,y) = (u(z,y),v(2,y)) = (@(u(z,y)),y(u(z,y)), 2(u(z,y), v(z,9))) = (2,9, f(z,9)).
U

Proposition 3. Let U be an open set in R3 and let f : R® — R be
a smooth function. Suppose a is a reqular value of f. (That is: if

f(z,y,2) = a, then Vf(x) #0.) Then
M ={(z,y,2) € U] f(x) = a}

s a reqular surface.

Proof. (Sketch) Let (zo,y0,20) € M. May assume that f, # 0 at
this point. Consider the map: F : U — R3 defined by F(z,y,z) =
(x,y, f(x,y, 2)). Then the Jacobian matrix is invertible at p = (o, Yo, 20)-
Let F(xq, Yo, 20) = (uo,vo,t0) = q, with £ty = a. Then there exist nbh
V of p and W of ¢ so that I has a smooth inverse F'~!. Now

F Y u,v,t) = (z,y,g(u,v,1)).

Let Wy = {(U,U>|(U, v, CL) < W} Then for (I?ya Z) < VﬂM? F(JI, Y Z) -
(x,y,a) = (u,v,g(u,v,a)) and so this set is the graph of over (u,v).
U



4. MORE EXAMPLES

e Quadratic surfaces.
e torus: rotating a circle (y — a)? + 2% = r? about the z-axis. So

2
22+ (x/x2 +y? — a) =r2
5. REVIEW ON INVERSE FUNCTION THEOREM

Let FF: U C R® — R™ be a smooth map from an open set U to
R", F(x) = y(x) = where x = (z},...,2"), y = (y,...,y™). Let
xo = (z},...,2%) € U. The Jacobian matrix of F at xq is the m x n

matrix iy
_ (9%
dFXO = (81}] (X())) .

Theorem 1. (Inverse Function Theorem) Let F : U C R* — R”
be a smooth map. Suppose F(xq) =yo and dFy, is nonsingular. Then
there exist open sets U DV > xq and W > yq, such that F is a
diffeomorphism from V to W. That is to say, F': V — W 1is bijective
and F~1 is also smooth on W.

Proof. (Sketch) May assume that xo = 0 = yo. Let A = dFy,. Then
F(x) = Ax + G(x)
here F'(x) and x are considered as a column vectors with G(x;) —
G(x2) = o|x; — x3| as x3,xy — 0. Hence for any € > 0, we can find
d > 0 such that if x;,x € B(0,6) = {|x| < §, we have
[F(x1) = F(x2)| = [A(x1 — x2)[ — €[x1 — X3

From this we conclude that F' is one-one in B(0, ). (Why?)
Let y; € R™. Define

xo = Ay,
In general, define
Xpr1 = A7 (y1 = G(x))
There is p > 0 such that if |y;| < p, then x,, € B(0, 36) and x,, — x €
B(0,4). (Why?) O



