The shape operator and the second fundamental form

1. ORIENTATION OF REGULAR SURFACES

Definition 1. Let M be a regular surface in R3. M is said to be
orientable if there is a unit vector field N on M such that
(i) N is smooth;
(ii) N has unit length;
(iii) N is orthogonal to T,,(M) at all point.

If such N exists, then it is called an orientation of M.

Facts:

e If N is an orientation, then —N is also an orientation. There
are exactly two orientations on an orientable surface.

e N is smooth means that if N = (Ny, Ny, N3) then each N; is a
smooth function.

e N is continuous and satisfies (ii), (iii) above that N is smooth.

We have the following intrinsic characterization of orientable surface.

Proposition 1. M is orientable if and only if there exist coordinate
charts covering M so that the change of coordinate matrices have pos-
itiwe determinant.

Proof. (Sketch) If M is orientable and N is an orientation. Let (X, U,)
be coordinate charts covering M. If the coordinates of U, are denoted
by (u,v), then we may choose (u,v) so that

(Xa)u X (Xa)o
[(Xa)u % (Xa)o|

Then these are the coordinate charts we want.

Conversely, if (X,, U,) be coordinate charts covering M so that the
change of coordinate matrices have positive determinant. Define N as
above, then this gives an orientation of M. (Why?)

N = ( Why?)

t

2. MOBIUS STRIP

1 1 1
x(0,v) = (cosf,sin 6, 0)+uv(sin 56 cos 6, sin 5«9 sin 6, cos 58) = a(f)+uvw(0)

—rT<f<m —s<v<s.



lim N(#,0) = (0,0, —1);
0——m
lim N(#,0) = (0,0, 1).

0—m
On the other hand, x(7,0) = (—1,0,0) = x(—m,0)
Hence the Mobiiis strip is not orientable.

3. THE SHAPE OPERATOR

Let M be a regular surface in R3. Suppose M is orientable with
orientaion N. That is:

e N is smooth;
e N has unit length;
e N is orthogonal to T),(M) at all point.

Definition 2. The shape operator S, with respect to N at p is the
operator defined as follows: Let v € T,,(M) and let a(t), —e < 0 < € be
a smooth curve on M with a(0) = p, o/(0) = v. Then S,(v) is defined
as

d

Sp(v) = T

(N (e(t)))] -

Remark:

e Notice that there is a negative sign on the RHS in the above.

e S, is also called the Weingarten map of M at p.

e If N is a unit normal vector field, then N; := —N is also a unit
normal vector field. The shape operator with respect to N is
the negative of the shape operator with respect to IN.

Proposition 2. With the above notation, the following are true:
(i) S, is well-defined.
(ii) S, is a linear map from T,(M) to T,(M).
(ili) S, is self-adjoint with respect to the first fundamental form.
(vi) S is smooth.

Proof. (Sketch) Let X(u, v) be alocal parametrization so that X (ug, v9) =
p. Then N = N(u,v).
Let a(t) = X(u(t),v(t)) so that (u(0),v(0)) = (ug,vo). Then
dN(a(t))
dt
Let v = aX, + bX,. Now v = /(0) = X, v’ + X,v', so v/ = a,v' = b
at p. Hence

=N,u + N,



dN(a(t))

= alN, + bN,.
7 a +

S0 S, is well-defined.

Note that N, N, are in T,,(M) (Why?). So S, : T,(M) — T,(M).
It is also linear. (Why?)

To prove S, is self adjoint. Let v,w € T),(M). Let v = aX,, + bX,,
w = cX, + dX,. Then

_<Sp<v)7 W> :<aNu + bN,, X, + dXv>
=ac(Ny, X,,) + bd(Ny, X, + ad(N,, X,) + be(N,, X,,)
—(S,(v),w) = ac(N,, X,,) + bd(N,, X, + ¢b(N,, X,) + da(N,, X,)
So they are equal. (Why?)
S, is smooth. (Why?) O

Definition 3. Let & be the shape operator with respect to a unit
normal vector field N, the second fundamental form 1L, of M at p (with
respect to N) is the bilinear form IL,(v, w) = ¢(S,(v), w) = (S,(v), w).

Proposition 3. II, is a symmetric bilinear form on T,(M).

4. COEFFICIENTS OF THE SECOND FUNDAMENTAL FORM

With the same notation as in the previous section of M. Let N =
X X X, /| Xy x Xyl

Definition 4. The coefficients of the second fundamental form e, f, g
at p are defined as:

e =II,(X,, X,);
f :H]Ip(Xmeu);
g =IL,(X,, X,).
Notation: Suppose we use (u',u?) as coordinates, and N = X; x

X5 /|X1 x Xs|, then the coefficients of the second fundamental form are
denoted by

hiy = Hp(Xh Xl); hia = I[]Ip(Xla Xz) = hao1; hop = ]H[p(X27X2>~
Proposition 4.
det (X, Xy, Xyu)

= N7qu =
e = ey
det (X, Xy, Xuw)
=(N, X,) = ;
f=( ) e
det Xu7 Xva Xow
g :<N7va> = ( )

VEG — F?



5. (FAUSSIAN CURVATURE AND MEAN CURVATURE

Suppose S,(X,) = a1 X, + a?X,, S,(X,) = a;X, + a3X,. Then the
matrix of S, with respect to the ordered basis § = {X,, X,} is given

by
al al
sh= (o )

Definition 5. The Gaussian curvature K(p) of M at p is the deter-
minant of S,. The mean curvature H(p) of M at p is 1/2xthe trace of

Sp.
1 .1
“o
ay as

Proposition 5. (1) Let
be the matriz of S, with respect to the ordered basis {X,,X,}.

Then
al ad\ (e f E F\ '
a? ai )\ f g F G '
(2) The Gaussian curvature K(p) and the mean curvature H(p) of
M at p are given by

N

_eg— f?
K(p) - EG—FZ’

and

1eG — 2fF + gE
H(p) = -
N
Remark: (i) Gaussian curvature is invariant under reparametriza-

tion. (ii) Mean curvature is invariant under orientation preserving
reparametrization.



