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Theorem

Suppose that f is analytic on an annulus Bg,(z9)\Bgr,(20). Then f
can be represented as

(o)

f(z)= Y calz—2)", z€ Bry(20)\Br,(20), (1)

n=—0oo

where

Ch = 1/f(w) dw

2ri )., (w — zo)" 1

with any simple closed curve ~y in Bgr,(z0)\Bgr,(20) around zy with
counterclockwise orientation.




(i) The expression (1) is called the Laurent series of f about z.

(ii) If f is also analytic on Bg,(z0), then the Taylor series of f and
the Laurent series of f about zy agree with each other. In
fact, ¢, = 0 for all n < 0 by Cauchy-Goursat theorem.
Moreover, by Cauchy integral formula, c, = f("(z)/n! = a,,
for n € NU {0}, where a, are the coefficients of Taylor series
of f.

(iii) The coefficients of Laurent series are unique. Suppose that

o0 o0

Y clz—20)"= ) &(z—2)" on Bg,(2)\Br (20).

n=—0oo n=—oo

Then, for m € Z,

o0 (e.9]

Z cn(z — 20)" Mt = Z En(z — 29)"~ ™ L

n=—o00 n=—o00
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Remark (continued)

/(z—z)"’"l— 2wi if n = m,
y ° ~ o if n# m,

for any simple closed curve vy € Br,(20)\Bg,(20) around zy with
counterclockwise orientation, then we conclude

Since

Cm=Cm, mMELZ.

Here the interchange of orders of summation and integration can
be justified by uniform convergence.




Without loss of generality, we may assume that zp = 0. For

z € Bg,(0)\Bg,(0), let 41 and 72 be the circles centered at 0 with
radius r; and ry, respectively, such that R} < n < |z| < n < R,.
There is € > 0 sufficiently small such that the closed disk B.(z) is
contained in the annulus B,,(0)\B,(0). Let v be the boundary of
B.(z). We assume that 7, 71 and -, are all counterclockwise
oriented. By Cauchy-Goursat theorem for multi-connected
domains,

/mdw—/mdw_/;(—vvldw:c' 2)

By the Cauchy integral formula,

/ de = 27if(z).
.

w— 2z




Proof, continued

Put this into (2), we obtain

P (3)
Notice that
11 1 1 z"’:(Z)nJr 1 (Z)N+1
w—z w l—z/w w —\w w

for w € 2. Similarly,

—
N | =

zZ— W

for w € 1. Then (3) becomes

f(z) = sz/ :,,(nvil s /72( )

w
2ni w — z)whN+1

Z_(n+1)

~(M+1)
=2 W)y, , =0 / f(w)
2mi " by 1 (

dw.
2mi z — w)w—(M+1) v




Proof, continued.

Now, let K = max,un, |f|. Then

ZN+1/( f(w) dw‘
72

2mi w — z)whN+1
- |Z|N+1 K 3
. - 27
=21 (- |z)pNtE T
N+1
P <|Z|) —0 as N — oo,
rn—lz| \ n
and
—(M+1) f
z ' / (w) dw
27i o (z— w)w—(M+1)
|z|7(M+1) K 5
< o .
= o (|Z‘ _ rl)rl_(M+1) ™
n rn Clst
. () —0 as M — .
|z| = \ ||

Therefore, we complete the proof.




1 .
Let f(Z) = m Slnce
1 (o)
i d (1) 7 <1
n=0
Therefore,
1 o
m = Z(_l)nZZn—l, 0< ’Z| <1,
is the Laurent series of f.




1
Letf(z)zz+1 For || < 1
z_
74l 1 1 .
il ik peh D DL DL
n=0 n=0
o
=-1-2> 7",
n=1

which is the Taylor series of f. And for |z| > 1,

1
1_}_7 0 o)
z+1 2 1 1 1
z-1 1 —<1+Z>Zzn—1+2zznv
— = n=0 n=1

z

which is the Laurent series of f.




Example
Notice that

o Z=n
1/z _
€ = Z nl’
n=0
which is the Laurent series of el/Z. Let  be the circle centered at

0 with radius R, counterclockwise oriented. Then the coefficients
of Laurent series

1 1z 1
c_,,:_/ S ne NU{0}.

2ri /., z—n+l n!’

It can be used to evaluate the integrals

el/z 2mi




