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Definition

|

For z, € C, n € NU {0}, the series Zzn converges to the sum z

n=0
if the partial sum

N
Zzn—>z as N — oo.
n=0

If it does not converge, we say that it diverges. And we say that

(e.9] (e.9]
the series Z z, converges absolutely if the series Z |Zp]

n=0 n=0
converges.

Proposition

Absolute convergence implies convergence.




Proposition

|

Given a power series Z anz", there exists 0 < R < oo such that
n=0
the series converges absolutely if |z| < R and diverges if |z| > R.

Moreover, R is given by

-1
R = (Iim sup \a,,\l/"> .

n—o00

| A\

Definition

R given in the last proposition is called the radius of convergence
of the power series. And Bg(0) is called the disc of convergence.

4




Proof.
For |z| < R, there is €1 > 0 small enough such that

(R +e1)lzl=r<1
By the definition of R,
|an|Y" < R+ e
for all n large, which gives
lanl|z]" < (R +e1)"|2|" = r".

o o0
By a comparison with the series E r", the series g anz"
n=0 n=0

converges absolutely.




Proof, continued.
If |z| > R, there is £2 > 0 such that

(R7'—e2) |z > 1.

By the definition of R, there exist a subsequence, still denoted by
an, such that

|lan|Y/" > R} — 5.
We have

lanz"| > (R =) |2|" — 00 as n— oo

Thus, the series cannot converge for |z| > R. O




Theorem

A function defined by a power series
(0.)
f(z) =) anz", an€C,
n=0

with positive radius of convergence, is differentiable on its disc of
convergence. And its derivative can be represented by the power
series

o0
f'(z) = Z nanz" %,
n=1

which has the same radius of convergence as f.




Let
00
g(z) = Z na,z" 1.
n=1
Since

lim sup |a,|*" = lim sup |na,|*/",
n—o00 n—o00

g has the same radius of convergence as f. Let R be the radius of
convergence of f, and divide f into

f(z) = Sn(z) + Rn(2),

where




Proof, continued.

For |zp| < r < R, | h| sufficiently small such that |z + h| < r, we
have

f(zo + h) — f(z)

: — g(20)
(St N=5w@) g ) 4 (shien) - ()
. Rn(zo + h/)7 — Rn(20)

Given € > 0, since

RN(ZO + h) — RN(Z()) > (Zo + h)n — 26'
)] < 3 oy
n=N+1

oo
< Y lanlnrm

n=N+1




Proof, continued.
there is Ny € N sufficiently large such that

RN(ZO T h) = RN(Z()) €
h <3

for all h with |z + h| < r and N > Nj. Also, since
lim Sy(z0) = g(20),
N—oo

there is N € N sufficiently large such that
€

’5//\/(20) - g(Zo)’ < 3

if N> No.




Proof, continued.

Now, we fix N > max{Ny, N>}, there is § > 0 such that

Sn(zo + h) — Sn(20) B 5//\/(20) < €
h 3
provided |h| < §. Therefore,
f(zo+h) — f
flash -t .

provided |h| < §, that is,

f'(20) = g(z0).




A function defined by a power series with positive radius of
convergence is infinitely many times differentiable on its disc of
convergence. And all the higher derivatives can be represented by
the power series obtained by termwise differentiation and have the
same radius of convergence as f.




Theorem

Suppose that f is analytic on a disc Bgr(zp). Then f can be
represented as

f(z) = an(z—2)", z€ Br(z), (1)
n=0

where

f(“)(zO)
nl

dn =

ne NU{0}.

(i) The expression (1) is called the Taylor series of f about zy. In
particular, if zg = 0, it is called the Maclaurin series of f.

(i) The coefficients of Taylor series are unique.




Proof.

Without loss of generality, we may assume that zy = 0. By Cauchy
integral formula, for any z € Br(0),

f(z) = Zim / A) o 2)

w—Zz

and

R
where 7 is the circle centered at 0 with radius i ;

counterclockwise orientation. Notice that

N
e e OO

Thus, (2) becomes




Proof, continued.

w n=0
1 [ fw) 1 g zyN+
+ ZWL w 1—z/w (W) dw
N
z" f(w) ZN+1 f(w)
= — d dw. 3
—~ 2mi )., witl W 2mi /V(W—z)w’\’Jrl ()

1 f(w)
% ’YWn_i_ldW: nl s nZO,].,...,N.




Proof, continued.
Thus, (3) reduces to

N

fiMN) Nt f(w
f(z):Z n!( )Z " L(W—i)ng+1dW'

n=0

Now, let M = max, |f|, then

N+1 f(w
V4 . / ( )N+1dW‘
2ri )y (W — z)w

|z|N+1 . M o <R+ |z]>
2 R—fd| (R+ld\" N\ 2
2 2
N+1
:M-R+|Z| 2I2| +—>0 as N — oo
R —|z| \ R+ |z| i

Therefore, we complete the proof. O




n n!
f()(z):(l_z)nﬂ’ z#1, neNU{0}.
Thus,
1 o
172222 on B1(0).
n=0

As for the Taylor series of f about i, we have

1 (z=i) :
_Zo(l—i)’”‘l on B s5(i).




Example
Let f(z) = e*. We have

F(N)(z) = &7 onC, neNuU{0}.

Thus,

V4
e = E — on C.
n!

We can use the Taylor series of € to show that

(e.e]

2nzn
e?? = E on C.
n!
n=0
Moreover,
o
BT
23e%2 = | on C.
n!




Let f(z) =sinz = #. We have
F () = "¢ = (27")'76_;2 onC, neNu{0}.
Thus,
X in_(_iyn o X 2k
sinz = 2;0 I 2(, L e Z:o (2kl+ o
© (1)
-5 e -




Example

iz —iz
Let f(z) = cosz = %. We have

F(n)(z2) = % onC, neNU{0}.

Thus,

(a]
]
N
Il
[
\3
+
N |[—~

J . z" - i 2 2k
n! (2k)!
k=0

The Taylor series of cos z can also be obtained by differentiating (4) term
by term

(o] _1 k 00 _1 k
cosz-%é{_'_)l)!'(2k+l)zzk—z( ) 22k on C.




Let f(z) =sinhz = %. We have
£ (z) = % onC, neNU{0}.
Thus,
o0 o0
. 1— (_1)n Zn B Z2k+1
SInhZ—ZT'm—Zm on(C.

n=0 ’ k=0




Let f(z) = coshz = %. We have
F(M(z) = % onC, neNU{0}.

Thus,

on C.




Theorem

Suppose that f is analytic on an annulus Bg,(z9)\Bgr,(20). Then f
can be represented as

(o)

f(z)= Y calz—2)", z€ Bry(20)\Br,(20), (5)

n=—0oo

where

Ch = 1/f(w) dw

2ri )., (w — zo)" 1

with any simple closed curve ~y in Bgr,(z0)\Bgr,(20) around zy with
counterclockwise orientation.




