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Theorem (Cauchy-Goursat theorem)

If f is analytic at all points interior to and on a simple closed curve
v, then
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Theorem (Cauchy-Goursat theorem for rectangles)

If f is differentiable on an open set €2, and y is the boundary of a
rectangle contained in S, then
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Let Ry be the closed rectangle with boundary . Assume that

Yo =7 = hUhkULkLUI, counterclockwise oriented. Let z, be the midpoint
of I, k =1,...,4. By connecting z; and z3, and connecting z> and z;, we
obtain four smaller rectangles with boundaries 1.1, 1.2, 71,3 and v1.4. We
assume that 1 j, j = 1,...,4, are all counterclockwise oriented. We have

/7 (z)dz = /7 ez + A ()
+ L e+ L e

/7 f(2)dz /m f(z)dz
[m f(2)dz /V f(2)dz|.

By the triangle inequality,

/W 0 f(2)dz
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Proof, continued.
There must be a j € {1,2,3,4} such that

/7 O f(z)dz A f(z)dz

1j
Let 1 = ~1,j with j such that the last inequality holds, and R; be
the closed rectangle with boundary ~;. We can repeat the same
process. For 7, given, we divide the rectangle into four parts with
boundary v,41, j = 1,...,4. And we can choose a j such that

/,, f(z)dz /y,,ﬂ,j f(z)dz|.

And then we denote v,11 = Yp4+1,; With j such that the last
inequality holds.
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Proof, continued.

We obtain a sequence of rectangles R, with boundaries ~,,
n € NU {0}, such that

RoDRiD...DR,D ... (1)

/70 f(z)dz /% f(z)dz

Since R,'s are compact satisfying (1) with diam(R,) — 0 as
n — oo, there is a unique z5 € Q such that zy € R, for all n. Since
f is differentiable at zg,

f(z) - f(z0)

zZ— 2

and

<47

: (2)

lim
Z—2)

- f’(zo)’ —0.




Proof, continued.

On each ~,, since constants and polynomials have antiderivatives,
/ f(z)dz = / [f(2) — f(20) — f'(20)(z — 20)] dz
f(z)—f
= / [(Z)(ZO) - f’(zo)] (z — z9)dz.
In

zZ— 2y

Therefore,

/ f(z)dz

In
f(z)—f
< sup [TE = 1@0) vl sup 12 — 2] - ength(m):

ZEvn zZ—2 ZEYn

Notice that

sup |z — zg| <27"L,
ZEYn




Proof, continued.
where L is the length of the diagonal of Ry, and

length(y,) = 27 "length(7y).

Therefore,
f(z)dz| <47 "L -length(v) sup fz) = fz0) _ f’(zo)’ . (3)
Yn ZEYn Z= ZO
Combining (2) and (3), we obtain
f(z)—f
/ f(z)dz| < L -length(vy) sup f(z) = flzo) _ f’(zo)‘ —0
o7 ZEYn Z— 2

as N — o0. L]
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If f is differentiable on an open disc €2, then

/ f(z)dz =0

for all closed curve v in Q.




Proof.

Without loss of generality, we may assume that the disc is centered
at 0. Define

F(z) = /y 1 f(z)dz + / f(z)dz,
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where 71 is the line segment from 0 to Re z, and > is the line
segment from Re z to z. By Cauchy-Goursat theorem for
rectangles, for h = hy + hai with |h| sufficiently small,

F(z+h)—F(z) = / f(z)dz,
g

where 7y is the polygonal line starting from z to z + h; and then
from z + hy to z + h.




Proof, continued.

We have
’ F(z+ h) — F(2)

i

- ‘}7 [/Ol(f(z—I—hlt)— f(z)) mdt
1
+/0 (f(z+ h + ihas) — f(2)) "hzds]

< sup [If(z+ hit) — F(2)| + |[f(z + h1 + ihes) — F(2)]]
t€[0,1], s€[0,1]

— 0 as h— 0.

That is, F is an antiderivative of f, and hence the theorem
follows. ]




