1 Mathematical modeling through differential equa-

tions

In our real world, we see many physical phenomena every day. All these phenomena
always follow some rules, which are called physical laws. The mathematical modeling
is to formulate a physical phenomenon in terms of mathematical equations using some
known physical laws. Then one needs only to solve or analyse the mathematical model

equations in order to understand a physical phenomenon.

The mathematical equations of primary interest to this course are called differential

equations, which are equations involving some unknown functions and their derivatives.

1.1 Modeling an elastic bar

Consider a continuous elastic bar! of length 1, which is hanged vertically. (it is displaced
up and down due to gravity). Set up an z-axis along the bar, so that its positive direction
pointing downwards and its origin is located at the top of the elastic bar. Consider any
point at x along the bar (the position is at x if no external force present), it is displaced
down to z + u(z) because of the action of the external force of gravity?. Function u(z)
is called the displacement. The stretching at any point is measured by the derivative
e = du/dzx, called the strain. If u is a constant, the elastic bar is unstretched. Otherwise
the stretching of the bar produces an internal force (one can experience this force easily
by pulling the two ends of an elastic bar). By experiments, people find this internal
force is proportional to the strain in the bar, i.e.

du

Ir

where ¢(z) is a constant determined by the elastic material, or a function if the material

(internal force) w(x) = c(x)

is inhomogeneous.

To set up the model, we take a small piece of the bar [z,z + Ax], its equilibrium

requires all forces acted on it to be balanced. We have

(c(a:)%)HAw - <c(a:)§—z>w + (pAza)g =0, (1.1)

where g is the gravitational constant, a the cross-sectional area, and p(z) the density at

position x.

You may pull back and forth an elastic bar and its length is much bigger than its size of cross-section.
2Some other external force may be considered.



Dividing both sides of equation (1.1) by Az, we get

d du
2 (elw) 1) = (@) (12)

where f(x) = ag p(x), external force per unit length.

The equation (1.2) must come with appropriate physical boundary conditions to

ensure it is well-posed.

1.2 Boundary conditions

(a) Both ends of the elastic bar are fixed, so no displacements:

This is called Dirichlet boundary conditions.

(b) Top end of the elastic bar is fixed (no displacement), the other end is free (no

internal force since it is in the air):

du

u(0) =0, w|w:1 = C(x)%}zzl

=0.

The first is called a Dirichlet boundary condition, the second is called a Neumann

boundary condition.

So the complete model for an elastic bar is :

d du
—%(c(x)a) = f(z), 0<zx<l1

with boundary conditions

or

.
dx 'v=1

This differential equation is called a two-point boundary value problem?.

u(0) =0, ¢(x) =0.

3Think about why we need two boundary conditions.



1.3 Solutions of the elastic bar model

We now try to find the solution of the following boundary value problem

{ —L(e(2)®) = f(x), O<z<1
u(0) =0, c(x)d—7“‘|$:1 =0.

dx

Solution. Integrating the equation (1 3) over (z,1), we obtain

/ 0
_ / bt

1 1
— t)dt
= [ s
Integrating over (0, x) gives

u(z) = /0 ' ﬁ / ().

this is the required exact solution of the problem (1.3). f

using the boundary conditions, we have

or

Example 1.1. Find the exact solution of the problem

{—@:ﬁ, 0<z<l1

dx?

u(0)=0, %| _ =0.

dx

Solution. Integrating the equation (1.5) over (z, 1), we obtain

du 1 L,
- = tedt
dz'® /z ’

using the boundary conditions, we have

! 1 1
()= [ t*dt =- — =2°.
u@)ul 373"

Integrating over (0, z) gives

11 1 1
u(z) = / (= —tNdt = —x — —a*.
. '3 3 3712

It is easy to verify that this u(z) is really the solution of the system (1.5).
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Example 1.2. Find the exact solution of the following problem

d du
—%(C(x)%) =f(z), O0<z<l1

with the boundary conditions

u(0) = —1, u(l) =1.

Solution. Write the equation as

then integrating over (z,1), we get
1
(o)ia) = Co— [ F(t)
where Cj is an integration constant. This implies

gy Co 1 [
W) = C(x)/xf(t)dt.

Now integrating over (0, x) gives

u(x):—1+co/ox$dt—/;Tlx)/;f(t)dt.

Using the boundary condition u(1) = 1, we can find the integration constant Cy.

1.4 Homogeneous and non-homogeneous boundary conditions

The boundary conditions

or

o) s =

are all called homogeneous boundary conditions, while the boundary conditions

0

or

du
C(.CE)% ‘x:l =

are all called non-homogeneous boundary conditions.

-3
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1.5 Heat conduction model

Consider a bar of length 1. When the bar is heated its temperature will change as time
t varies. Assume the heat source can be described by a strength function f(z,t) at
position x and time ¢. Then the temperature u(z,t) of the bar at position x and at time

t can be modeled by

ou O 9
a—?—%(c(x)a—;t) = f(z,t), O<z<1, t>0 (1.7)

This is called the heat conduction equation. The coefficient function c(x) is the heat

conductivity of the material, which can be measured physically.

To complete the mathematical model, we have to impose some initial condition and
boundary conditions. These conditions can be imposed according to the physical setting
of the system. For example, if the initial temperature of the bar is given, say by ug(x),

then the initial condition can be stated as
u(z,0) =up(x), 0<z<1. (1.8)

If one end of the bar, say x = 0, is placed at an ice basin, then the boundary condition
at x =01s
u(0,t) =0, t>0; (1.9)

if the other end is insulated, then there is no heat flux coming through the end, and the

boundary condition at x = 1 should be

—c(:c)%}le =0. (1.10)

The system (1.7)-(1.10) is called an initial-boundary value problem.



1.6 Sturm-Liouville problems

With a little bit generalization of the preceding elastic bar model, we have the following

Sturm-Liouville problem

L (e@) )+l = fla), 0<a <1 (111)

The Sturm-Liouville system, with homogeneous or non-homogeneous boundary condi-

tions may have many physical applications:

(a) In the quantum theory, the equation is called the Schrédinger’s equation.

(b) For modeling the oscillations of a drum, it is called the Bessel’s equation.

1.6.1 Solutions of Sturm-Liouville problems

In general, it is difficult to find the analytical solutions for the Sturm-Liouville problem
(1.11). Only for some special simple coefficients ¢(z), ¢(z) and f(x), one may solve the
problem (1.11).

Solutions with special coefficients

Let us consider the special case where ¢(z) = ¢, ¢(z) = ¢, f(x) = 0 and ¢ and ¢ have

the same sign, then the equation becomes
—cu" +qu=0. (1.12)
To solve this equation, we multiply its both sides by «' to obtain
cu'u' = quu’,

this can be written as

or



By integration, we obtain

(Inu) =+

Inu(x) = j:\/gm ,
c

so we find two solutions for the equation (1.12):

oI

or

u(z) = exp ( + %:L‘) :

For the general solutions of the system (1.12), we have the following useful result?:

Any linear combination of

q q
w=en (/L) w=ew (- /%),

i.e., u = aqu; + asus for arbitrary real numbers «; and as, is also a solution
of the equation (1.12).

This result tells us that the equation (1.12) has infinitely many solutions. But to deter-
mine a specific solution, one needs to impose boundary conditions. For example, if we

have the Dirichlet boundary conditions

then we can determine a specific solution:

u(z) = oaqui(x) + agus(z) = 2 (e\/q_/”“" — e’\/q_/c"”) :

eVale _ o=n/a/c

Example. Determine the solution of (1.12), which satisfies the boundary conditions:

Solutions for non-homogeneous case

If we add a source term f(x) to the right-hand side of (1.12), the Sturm-Liouville equation
becomes
—cu"+qu=f(x), 0<z<l. (1.13)

4Please check this conclusion yourself.
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How to find the solution of this equation ?

It is not so simple for general function f(x). But if we know a special solution w(x)

of (1.13), then we can easily check that the combination
u(x) = oquy () + agua(x) + w(x)

is a solution of (1.13) for any real numbers a; and «s.

Now, using this fact, find the solution of the following Sturm-Liouville equation

{—cu/’+qu:1+x, 0<z<l1 (1.14)

w'(0) =0, wu(l)=2.

It is easy to see that w(z) = (1 + x)/q is a special solution to the equation, so the
combination
u(z) = aqui(x) + ague(z) + (1 4+ ) /q

is a solution of (1.13) for any real numbers a; and as. The two coefficients a; and s

can be determined by the boundary conditions in (1.14).

e Think about whether we can apply the previous technique to find the solution of the

following Sturm-Liouville equation

—cu" +qu=f(x), O<z<l
W'(0)=0, wu(l)=2.

Is it possible to find a solution of trigonometric function or quadratic polynomial when

f(x) =sinz or 22 ?

1.6.2 Sturm-Liouville operator

For our later use, we introduce the following inner product
1
(u,v) = / u(z)v(z)dr Vu,v € L*(0,1)
0
where the space L?(0,1) is given by

L*(0,1) = {w; /0 v} (z)dz < oo} .

We will frequently use the following formula of integration by parts:

Ld L d
/Oﬁvda::—/o ud—id:v—l—[uv]

12
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Let C?(0,1) be the space with all second order continuously differentiable functions

n (0,1). We now define the following operator

Au:—%( (z )ZZ)”( Yo Vu e C20,1).

This operator A is called the Sturm-Liouville operator.

For the Sturm-Liouville operator, we have for any u,v € C%(0,1),

(Au,v) = /{—— )v—l—q( Juv }dx

= /0 (c(:v)@d—z + q(z)uv)dr — (c(:z:)—v)|$:1 : (1.15)

This is a very useful relation.

1.7 Variational formulations for differential equations

Recall the model equation for an elastic bar,

d du

—%(c(x)%) +q(x)u(z) = f(z), 0<z <1 (1.16)

with boundary conditions

u(0) = 0, c(m)j—z‘mzl =0 (1.17)

One important method to study the properties of the solutions to the equations

(1.16)-(1.17) is to use the integral form, often called the variational formulation.

Next, we shall discuss how to derive the variational formulation for the differential
equation (1.16)-(1.17). The same methodology can be applied to any other second order
differential equations.

The derivation is standard and simple. To do so, we multiply both sides of equation

(1.16) by an arbitrary test function v satisfying v(0) = 0 to obtain

d du

—(elw) o+ aw)us = fla)o

then integrating over (0, 1) gives

/01 (—%(( )ZZ)UHI( )uv) dx—/ f(x)vda . (1.18)
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Now by integration by parts and the boundary conditions (1.17), we have

This leads to the variational formulation for the equations (1.16)-(1.17):

Find the solution u such that «(0) = 0 and
a(u,v) = g(v) for any v satisfying v(0) =0 (1.19)

where a(-,-) and g(-) are given by

a(u,v) = /0 1 (c(x)%%+q(x)uu) i
gv) = f(@)v dx.

One can check that a(-,-) is linear with respect to each variable, and is symmetric,
i.e., for any u and v,

a(u,v) = a(v,u).

Furthermore, we know that a(-,-) is also positive, i.e.,
a(v,v) >0 Yu#0.

Equivalence between boundary value and variational problems

In the following, we shall verify that

The boundary value problem (1.16)-(1.17) is equivalent to the vari-

ational problem (1.19).

First, we know already that the solution u of the boundary value problem (1.16)-
(1.17) is also a solution to the variational equation (1.19). Next, we will confirm that

any solution u of (1.19) is also a solution of the boundary value problem (1.16)-(1.17).

In fact, since u satisfies (1.19), we have

/01 (C(x)%% +q(x )UU) dx = /01 f(x)v dr Vv with v(0) =0 .

Using integration by parts, we obtain

/01 (—%(c(z)j—z)erq(x)uv) dz + c(z —v\ /f Yo da . (1.20)

14



As the test function v is arbitrary, we can take v to be arbitrary but satisfying the
boundary conditions v(0) = v(1) = 0, then (1.20) becomes

/01{_%(( )21;)"'9( Ju f}vdsz for any v with v(0) =v(1) =0,

this implies
d du
—%(c(x)%) +qx)u=f, O0<z<l. (1.21)

Substituting this into (1.20), we have
c(Dug(1)v(l) =0 for any v with v(0) =0,

this indicates that u also satisfies the condition

du

c(:v)%LE:l =0. (1.22)

(1.21) and (1.22) tell us that u is a solution of the boundary value problem (1.16)-(1.17).
!

Equivalence between boundary value and minimization problems

Now we investigate the relation between the boundary value problem (1.16)-(1.17)

and the following potential energy functional

s =3 [ (e @+ o) o [ s

we are going to verify the following relations:

The function u that minimizes J(v) over all v satisfying v(0) = 0 must
be the solution of the system (1.16)-(1.17), that is, it satisfies the

differential equation

d du

_@(C(I)%) +q(z)u=f(z), 0<z<1

with the boundary conditions

du
0)=0 d c— 0.
u(0) and  co| ;=

The converse is also true.
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To see this, let u minimize J(u), so we have
J(u) < J(w) Vowith v(0)=0. (1.23)

Consider a real function
F(t) = J(u+tv) .

Using (1.23) we know
F(0) < F(t) VteR',

that is, ¢ = 0 is a minimizer of F'(¢). This implies
F'(0)=0. (1.24)
Now by definition,

F(t) — F(0) =J(u+ tv) — J(u)

51 @+ 0+ @t 0 do ~ [ gt o)io)

__{/ o) + gz dx—/fud:c}
:t{/o (c(x)uzvy + q(z)uv)de —/0 fvdz} + 5152 /01 c(x)vidr
which gives ) X
F'(0) = Uz dx — dz .
(0) /0 (c(x)uyvy + q(z)uv)de /0 fodx
This with (1.24) yields

1 du d 1
/o c(x) (ﬁé +q(x )uv) drx = /o fvdx  for any v with v(0) =0,
namely, u is a solution of the variational problem (1.19), so it is also a solution of the
boundary value problem (1.16)-(1.17).
To see the converse part, for any v such that v(0) = 0 we can calculate

J) = J(u) = {%(cvz,vm)+<qv7v)—(f,v)}

L) + ) - ()
— (= =) + (a0 = w0 =)}
—f-{(Cugm (v— U)I) +(qu,v—u) = (f,v - u)}

16



Using this relation and the equivalence between the boundary value problem (1.16)-
(1.17) and the variational problem (1.19), one can easily see that if u is a solution to the

boundary value problem (1.16)-(1.17), then it must a minimizer of J(v). §

1.8 Further discussions on variational formulations

We now consider a bit more general boundary condition problem:

(e T + aleyule) = f@), a<w < b (1.25)

with boundary conditions

du

c(:(:)% e = u(b) = (1.26)

Same as we did in the last subsection, we can derive the variational formulation for
the system (1.25)-(1.26).

To do so, we multiply both sides of equation (1.25) by an arbitrary test function v
satisfying v(b) = 0, then integrate over (a,b) to obtain

/ab (_%(C(x)g—z)v + q(x)uv) dz = /ab f(x)vdz . (1.27)

Now using integration by parts and the boundary conditions (1.26), we deduce

/ab (C(x)%j—z + q(:c)uv) dr = /ab f(@)v dr — av(a).

This leads to the variational formulation for the equations (1.25)-(1.26):

Find the solution u such that u(b) = 5 and
a(u,v) = g(v) for any v satisfying v(b) =0 (1.28)

where a(+,-) and g(- are given by

a(u,v) = /ab (c(x)%% + q(:v)uv) dx ,
g(v) = f(z)v dr — av(a).

Equivalence between boundary value and variational problems

The same as we did in the last subsection, we can verify that

17



The boundary value problem (1.25)-(1.26) is equivalent to the vari-
ational problem (1.28).

First, we know already by the derivation of the variational problem (1.28) that the
solution u of the boundary value problem (1.25)-(1.26) is also a solution to the variational
equation (1.28). Next, we will confirm that any solution u of (1.28) is also a solution of
the boundary value problem (1.25)-(1.26).

In fact, since u satisfies (1.28), we obtain by using integration by parts that for any

v satisfying v(b) = 0,

/ab<_%(0(x)§—z)v+q(x)uv) dx + c(x —vy /f v de—av(a) . (1.29)

Now taking all the test functions v which satisfy the boundary conditions v(a) = v(b) =
0, then (1.29) becomes

/ab{_%(( )ZZ)JFQ( Ju f}v dr =0 for any v with v(a) =v(b) =0,

this implies
d du
—%(C(l‘)%) +q@)u=f a<xz<b (1.30)

Substituting this into (1.29), we have
—c(a)ug(a)v(a) = —av(a) for any v with v(b) =0,

this indicates that u also satisfies the condition

d
c(x)% = (1.31)

(1.30) and (1.31) tell us that w is a solution of the boundary value problem (1.25)-(1.26).
!

Equivalence between boundary value and minimization problem

Now we investigate the relation between the boundary value problem (1.25)-(1.26)

and the following potential energy functional

s =5 [ (G + o) o= { [ o aterds - avior}

we are going to verify the following relations:
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The function u that minimizes J(v) over all v satisfying v(b) = § must
be the solution of the system (1.25)-(1.26), that is, it satisfies the

differential equation

—%(c(z)z—z) +q(@)u= f(z), a<x<b

with the boundary conditions

du
c—
dg '*=a

=a, ulb)=0.

The converse is also true.

The proof of this equivalence is basically the same as we did in the last subsection.

So we omit it here.

1.9 Complementary minimum principle for the internal force

We know from the previous discussions that the displacement u of an elastic bar satisfies

the boundary value problem:

_%(C(x)z_z) = f(z), 0<z<1 (1.32)

and the boundary conditions

du

@‘x:l =0.

u(0) =0, c(x)

Moreover, u also solves the equivalent variational problem

/1 c(ac)d—u@d:r = /1 f(z)vdr Vv with v(0) =0
0 0

and minimizes the potential energy functional

J(u) = %/01 c(x)<§—z>2dx - /01 fla)u de .

Below, we shall discuss some similar results for the internal force w(x) = c(x)%*

From (1.32) we know w satisfies

dw
—%:f(as), O<z<l1 (1.33)
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and the boundary condition
w(l)=0. (1.34)

Corresponding to the problem (1.33)-(1.34), we define a new energy functional

Q(w) = 1/01 ﬁuﬁ(m)dm (recall w = c(:z:);l—Z)

Consider the minimization problem

d
min Q(w) with w such that — d—w = f(z), w(l)=0 (1.35)
x
This is a constrained optimization problem.
To transform the constrained problem into a unconstrained problem, we introduce a

Lagrangian functional

dw

L(u,w) = Q(w) +/0 u(% + f)dx

L/, b dw
=_ S d — d
2/ " ”/o u(G e
where u is called a Lagrangian multiplier.

Now we are going to show that if w* and u* are functions such that w*(1) = 0,
u*(0) = 0, and are the minimizer and the maximizer of the following problems:
L(u*,w") = min L(v*,w), L(u",w") = max L(u,w"), (1.36)
then w* and u* satisfy
w* =c(x)u,, —w;=f. (1.37)
And the converse is also true.

We first show that if w* and u* are functions such that w*(1) = 0, «*(0) = 0, and are
the solutions to (1.37), then they are also the solutions to the optimization problems in

(1.36). In fact, for any v, we have

L) = L' w) = e ™h,0) 4 (0wt ) = (0t w) = () + )
= M) —w) (- 0w + (o (o))
= M) )+ o w ) + (o - w).)
_ %(c_l(v—w*),v—w*)>0



On the other hand, for any u such that u(0) = 0, we have

1 1
L(u,w*) = 5(0’1w*,w*) + (u,wi + f) = §(c*1w*,w*) :

so we know that L(u,w*) is constant with respect to w. This proves both w* and u* are

the desired solutions to the optimization problems in (1.36).

Next we show that if w* and u* are functions such that w*(1) = 0, u(0) = 0, and are
the minimizer and the maximizer of the optimization problems in (1.36), then they are
also the solutions to (1.37).

To do so, we define (for simplicity we drop the index * in «* and w*)
F(t) = L(u,w + tv) for any v .
As w is the minimizer of L(u,w), we know
F(t) = L(u,w + tv) > L(u,w) = F(0) VtcR!,
so t =0 is a minimizer for F(¢), thus
F'(0)=0.
Now by definition,
F(t) — F(0) =L(u,w + tv) — L(u,w)

1 (1 ) b d(w + to)
—5/0 E(w+tv) dm—l—/o U(T+f)dx

11, b dw

F(t)— F(0) = t/o (%wv + uZ—;)dx + %tz/o ﬁv%lx,

or

therefore

0=F'(0) = /01 (ﬁwv—i—u%)dm .

Integration by parts gives

AN du z=1
/0 (@w - %)vdx + uv(x) = 0 VYo
which implies
1 du du
—w = — = —. 1.
c(x)w o o w C(x)dx (1.38)
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Thus we get back the original physical law w = c(x)j—;f.

On the other hand, we can find the maximizer of u, that gives the condition:

_‘;_Ia’j = f(x). (1.39)

This proves the desired results.

From the equations (1.38)-(1.39, we see that u satisfies

d du
—@(c(m’)@) =f(z), O0<az<l.

This means that the Lagrangian multiplier v is actually the displacement function.
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