
Lecture 3: 
Another useful technique : Separation  of variables

Consider a heat equation ( on a unit circle ) :

Ut = Uxx
,

X E [ 0
,

21T ]
,

t 70

Subject to : Uco ,
t ) = Uc 2K

,
t ) ( periodic condition )

{ Ucx
,

o ) = sin x C initial condition )

Strategy : Let ucx.tl = Xcx , Tct )
.

at±Uxx ⇒ Xcx , TITI = X'
'

Cx , TCH

'

'

 ' = If = y ← some constant



In particular , T
'

= AT for some constant X
.

⇒ flaunt ) -

- X ⇒ lnT= At  -1 Co ⇒ T -
- Ce

't

for some constant C and A
.

For X
,

since mix ,
o ) = sin × .

We may guess Xcx ) = sin ×

Note that X
"

= C-D sin x = f-it X
.

c : A = - I
.

Hence a possible solution is of the form :

ucx.tl = Ce
- tsinx

'

.

' UCX
,

o ) = sinx = Csinx ⇒ C = I
.

.

'

.

Mex
,

t ) = e
- t

sin x is a solution .

( multi - variable )

Remark : Separate next ) = XIE)Tft us PDE converted to 2 ODES

single variable function ( gain?agYe)



Spectral method

We 'll discuss : Cl ) Analytic ( Fourier ) Spectral method

(2) Numerical Spectral method

Main idea : Consider : Luca , = gcx , such that

U and g are periodic functions ( i.e . next 21T ) = UCH )
g CX t 21T ) = g CX )

where L is a linear differential operator (
e.g . L = dd÷ ;

I e.g . if L -

- In + Ix , then Luca=da÷%*d¥ ddx÷ + Ix etc )
L is linear means : Lfucxltav" ') = Lux , + a Lvcx )

IR



Assume that { Olnlxi }n7,
are functions such that  =

( I ) On 1×7 is periodic ;

(2) Ldn ex ) is a linear combination { On cxin
,

± e

Assume : next = Zao aklohcx ) and gcx ) =q§bh9klx )

( Note :  in solving the differential equation , ah 's are unknown ,
bee 's are known )

Then i Olncx) is called the basis functions for the differential

equation Lucia = gcx )
.

For the ease of explanation , suppose Lolncxl = An next
.

( Onex ) is an eigenfunction
of L )

Goal : Find Ak 's solving Luk ) = gun .



Then : Luca = gun implies :Lo akolkcxi ) = 7£ bkdhcx )

⇒ 7£ an Llokcx , = Enable 4kW

⇒ Ea ah Xkolealxi = Ffa bk 9ham .

Comparing coefficients :

ahah = by ( algebraic equation )

.

'

- ah -

. bd
Xk

Thus ,
the solution is : Mex ) = ZIYI) Olhlx )

.



Remark : I
. By writing ucx ) as linear combination  of basis

functions ( eigenfunctions )
,

complicated differential equation

Can be converted to differential equation .

2
. Spectral method is related to eigenvalues and

eigenfunctions of some differential operators

( erg . sinx is eigenfunction of II. )

It 's called Spectral decomposition of differential

operator .



Example : Consider ddn.
+ d# = sin x + zcosx where

7107=912 IT ) ( periodic ) . Find a possible solution  of the

2nd order ODE
.

Note that  : L = dz t da
,

in our case .

Solution : We first need to construct { On Lx , }n7, .

Note that Oln C x ) = sin nx or cos nx are all possible choices .

: . take { tuba = { sinnx ,
Cosmin

,Icosnx ( linear combinatione . g . Lf sin nx ) = - NZ sinnx - n

of {olnlxign
.
)



Let ylxl = ao  t II. (

air
cos nx t bnsinnx )

Then :  
adf.dz + off

,
= sin ×

tzcosx
implies :

IIfann' cos nx - bnrisinnx)tn¥f - nansinnxtnbncosnx )
= sin X -12 cos X

⇒ n¥¢nbn- n' an ) cos nx - ( nan t n' bn) sinnx ) = sinxtzcosx

Comparing coefficient : b ,
- a ,

= 2 b ,
42

a. + a
a⇒

a
I f

' te's:f"my
Ah =bk=o otherwise

.

'

. A possible solution is =  ycx ) =
-

Ez
cosx +

Lz
six



Example : Consider : Ut  = Uxx
,

X E to
,

21T ] such that

Uco
,

t ) = UC 21T
,

t ) ( periodic )

ucx ,
o ) = fix ) ( initial condition )

Solution : Let ucx.tl = Xcx ) Ttl
.

Consider L -
- IF.

.

Construct { Onex )}n7,
= { cos nx

,
sin nx.cn#n7.

BUT : n co
,

t ) = UC 2T
,

t ) ⇒ Xco ) Ttt ) = XCZIT ) TLE )

⇒ X ( o ) = XLZIT )

X must be periodic .

i .
ekx CANNOT be the choice ! !

N

Let UCX .tl = Ian # cosnxtbnltisinnx

NH

"

cos nxtbn 't sinnx = C-ri Ian # cosnx

Ut -

- Uxx ⇒ Ian 's -4 + c- nzlbnltlsinnx
h=l

Comparing coefficients i an 't , = - n' ants
.

and bn
'

It =
- n' bnt

.



Solving an
'

it = - ri anti ⇒ an # = ane
- n 't ( an EIR )

Similarly ,
bntl = bn e-

Mt
( bn EIR )

: . next ) = II ane
- n 't

sinnx t II. bn e-
n' tcosnx



How to determine Ak and bee ? ? Initial condition

:
ucx

,
ol = fix ) .

0 Supposefun = I

Ckcoskxtdersinkx
.

fro

Then : ucx ,
o ) = fcx ) implies :E 0

Z akcoskx t bksinkx = I ckcoskx t dksinkx

ko
k -_ 0

Comparing coefficients = Ak = Ck

bee = de
( Algebraic egt )

.



Question : Given fix , ,
how to find a k and bk such

A

that fix , = Zak coskxtbksinkx ?

ko

( Fourier analysis problem )
if p=m=o

Note that : J !
"

coskxcosmxdx = { IT
if k=m±o

o if Ltm

e. S . J !
"

cos fax coskxdx -

- J!
"

It w{Kk×)d× = a

if k=m=0

Also
, J !

"

sinkxsinmxdx
= { IF if k -

- m to

if ht m

J? sinkxcosmxdx = o
.



If fun = ao  t Eg
,

ahcoskx tbh sin kx
.

For m > o
, J!

"

fox, cos mxdx=I am

i. am = ¥ J!
"

fix ) cos mxdx

J ? fix , sin mxdx = Ibm

i
. bm = In ) !

"

fcxssinmxdx .

Also
, J !

"

fix , dx = a. ( zit ) ⇒ ao= fcxidx .

i . All ah
,

bee can be computed ! !



Example : Consider out  
- Lu xx = hex , t ) such that :

Uco ,
t ) = UC 21T , t

)=O
and ULX ,

o ) = f C X ) .

y

- ksinkx
Assuming that hcx.tl = I hit sink x and fix , = E

feel
Fei

Solution : This time
,

we consider L = ¥ .

Then : we choose { olncx , )n?
,

= { cos nx ,
sin nx )n%

.

We assume
=

=mix ,
t ) = 2a¥#t bnltlsinnx

n = I

can remove terms with
Note that Uco ,

t ) = UCZTI
,

t ) =0
,

we
cosnx

D

i
. we assume next ) = IbnLt ) sinnx .

n= I



IF - a 3¥,
= hlx ,

t )

⇒ II
,

beictisinkx +a bait , eh 's in kx = II hit sink x

Comparing coefficients -

-

bei Cti t Lk
'

beach = k 't

Also
, uh ,

o ) = £
,

bhco ) sink x = fix , = II
,

ksinkx

Comparing coefficients =

been ) = k
.



i . we have :

beictl-dkbe.lt ) = k 't

{ bacon -

- k

Can be solved using integrating factor technique ,

Let Met ) = e
Sdk 'd ! Multiply both sides by

Met ) etc -
-

Answer :

but , = e-
ah 't

( er + got his edh's ds )
( exercise ! )


