Solution to assignment 9

(1) (16.3, Q28):
oP _ _ON M _  _ 0P ON _ e® _ OM
a—y—COSZ—E,g—O—a—x,%—%—B—y
= F is conservative.
= There exists a f so that F =V f.

gi—e Iny

= f(z,y,2) = e¢"Iny +g(y, 2)
:g—iz%%—g—gz%—ksinz
:>g—Z:sinz

= g(y, z) = ysinz + h(z)

= f(z,y,2) =€"lny + ysinz + h(z)
= 9L = ycosz+ h(z) = ycosz
:>h'() 0

= h(z)=C

= f(z,y,2) =e"Iny + ysinz + C
=F=V(e"lny+ysinz).

(2) (16.4, Q14):
M = tan‘l 4 N =In(2*+y?).
: oM -y

dr  x21y2’ dy x2+y2’ or  224+y2’ Oy  x2+y?

oM __ T ON __ 2z ON _ 2y

= Flux = [[, <I2+y2 + 2+y ) dedy = [ ff (’"57}—?9) rdrdd = [ sinfdf = 2
Circ = [J, (xfoyQ - x2—+y2> dedy = [ ff (=%%) rdrdf = [ cos6df = 0.

(3) (16.4, Q27):
M =z =cos®t,N =y =sin’t
= dr = -3 0082 tsintdt, dy = 3sin’t cos tdt
= Area =3 fo xdy — ydx

= é ) " (3sin® ¢ cos?t) (cos® t + sin®t) dt

0 (3 sin? t cos? t) dt
T sin? 2tdt
f047r sin? udu
u sin 2u 147
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(4) (16.4, Q39):
)

(a Vf= ($22_igy2>i+( 2+y ).]:>M_ 2+y2,N:

1

2y
x2 +y2 .



M, N are discontinuous at (0,0), we compute fc Vf - nds directly since
Green’s Theorem does not apply.

Let x =acost,y = asint

= dxr = —asintdt,dy = acostdt

= M = %cost,N: %sint,O <t <27

So [,V f-nds= [, Mdy— Ndx

= 0235 [(2cost) (acost) — (2sint) (—asint)] dt
= fo% 2 (cos® t + sin®t) dt

=A4m.
Note that this holds for any a > 0, so fc Vf -nds = 47 for any circle C
centered at (0,0) traversed counterclockwise and [, Vf -nds = —4m if C' is

traversed clockwise.
(b) If K does not enclose the point (0,0) we may apply Green’s Theorem:
JoVf-nds= [, Mdy— Ndx

—ffR (8—M+8N> dxdy
—x 2(x°—
= ffR< :iﬂ, )+ (£2+ > )) dxdy
= [, 0dxdy = 0.
If K does enclose the point (0,0), we proceed as follows:
Choose a small enough so that the circle C' centered at (0,0) of radius a lies
entirely within K. Green’s Theorem applies to the region R that lies between
K and C.
Thus, as before, 0 = [/, (%—]‘f + %_];7> dzdy = [, Mdy— Ndxz+ [, Mdy— Ndx
where K is traversed counterclockwise and C' is traversed clockwise.
Hence by part (a),

O:/ Mdy — Ndx — 4,
K

/Vf~nds:/Mdy—Ndx:47r.
K K

0 if (0,0) lies inside K,

We h hown that [, Vf-nds =
e have shown that [ V f - nds {47r if (0,0) lies outside K.



2020 Fall Advanced Calculus I1 1

Solution to Assignment 9

Supplementary Problems

1. A vector field F is called radial if F(z,y, z) = f(r)(z,y, 2), r = |(z,y, )|, for some function
f. Show that every radial vector field is conservative. You may assume it is C'! in R3.

Solution. Let ®(z,y, z) be the potential. Since f is radially symmetric, we believe that
® is also radially symmetric. Let ®(x,y,z) = ¢(r), r = /22 + y? + 22. We have

aj_ rea% 87(1)_ 1Y 87(1)_ 10N %

T T r

By comparison, we see that ® is a potential for F if ¢'(r)/r = f(r). Therefore,

o(r) = / “t(tydt

is a potential for F.

2. Let F = (P,Q) be a C'-vector field in R? away from the origin. Suppose that P, = Q,.
Show that for any simple closed curve C enclosing the origin and oriented in positive
direction, one has

2m
j([ Pdx + Qdy = lin%es/ [—P(ecosf,esinf)sinf + Q(ecosb,esinb) cosh] df .
c e=U Jo

What happens when C' does not enclose the origin?

3. We identity the complex plane with R? by z+iy + (z,y). A complex-valued function f has
its real and imaginary parts respectively given by u(z,y) = Ref(z) and v(z,y) = Imf(z).
Note that v and v are real-valued functions. The function f is called differentiable at z if

df fz+w) - f(z)

Yoy =
dz (2) w0 w ’

exists.

(a) Show that f is differentiable at z implies that the partial derivatives of u and v exist
and 9% = % and 9% = — 2 , hold. Hint: Take w = h,ih, where h € R and then let
h—0 ! !

Solution. Identify z with (z,y). As f is differentiable at z, for real h,

Pl = lim flz+ h})L —f(z) _ lim <u(x + h, y})L — u(z,y) N @+ h, y})L - U(fc,y)>
= lim u(@ + h,y) — u(z,y) +4 lim v(z + h,y) —v(z,y)
o0 h h—0 h ’

Using the fact that a, + ib, — a + ib if and only if a, — a and b, — b (here
1(2) = a+1ib), we see that Ou/dz and dv/dx exists and

Ju . Ov o
%+Z%($ay)—f(z)~
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Next, we consider purely imaginary h,

Flz2) = }lg% f(z+ fzil— fz) _ }Lli% <_iu(:c,y + hf)L —u(z,y) N v(z,y + h})b —v(, y))
— _ilim U($7y+h) —u(x,y) 4 lim U(:L‘,y+h) —U(x7y)
N h—0 h h—0 h '

As before, du/dy and dv/0y exists and
Ou ov ,
By comparison, we have 0v/0y = du/dx and —0u/dy = Jv/0x at (z,y).

Propose a definition of fC fdz, where C'is an oriented curve in the plane, in terms
of the line integrals involving v and v.

Solution. Formally we have fdz = (u + iv)(dz + idy) = udx — vdy + i(vdx + udy).

So, we define
/fdz:/udm—vdy+i/vd:n+udy.
C C C

Note that the right hand side are two line integrals.
Suppose that f is differentiable everywhere in C. Show that for every simple closed

curve C,
?{ fdz=0.
C

Solution. Use (a) we see that P = u,Q = —v as well as P = v,Q = u satisfy the
compatibility conditions. Hence, by Green’s theorem,

ifdzzo.

The conclusion in (c) is called Cauchy’s theorem. It is a fundamental result in complex
analysis.



