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1. Without using L’Hopital’s rule, evaluate the following limits.

In(1+ 3902)
Iim ———=
(a) mlg(l) T Sin 2x

(b) lim (x — Va? — 6z + 1)
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Solution:
(a)
. In(1+32z%) .. In(1+3z%) =z 2z 327
lim ———= = lim - el
=0 g sin 2z z—0 32 x sin2z 2z2
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= lim - = - =
70 32 sin2z 2
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(b)

2 2_6 1
lim (x — Va2 —6x+1) = lim el G z+1)
T—+00 z——+00 x+«/a:2—6x—i—1

) 6x — 1

= lim
zotoo g4 /1?2 — 6x + 1
6—1

= lim L (since Va2 =z if z > 0)
6
141
= 3.

(c) Note that, for any = € R,

—1<cosz <1 and —1<sinzx<]I1.



Since e” is an increasing function, we have, for any = € R,

el < <e and et < e <e.

Hence
)
26_1 eCos ™ + esin:r; 2¢

< < fi 0.
Inl+2) = In(l4+z) ~ In(1+2) ore =

Since
2¢1 2e

lim —— =
IHHJPOO ln(l + ZL‘)

I

— lim — % _
xﬁlinoo ln(l + $)
it follows from the Squeeze Theorem that

ecosx _"_ eSlIl.Z‘

li — =0.
m—1>I-Poo 111(1 —+ SL’)



2. Find @ if
dx
(a) y = (tanx)In(1 + sin 2z)
(b) y = tan~"(e")

(c) wsiny + y*cosx = 1

(d) y=1+a)v°

Solution:
d 2cos?2
(a) ﬁ = (sec?z)In(1 + sin 2z) + (tanx) - 1_:2%.
dy 1 . e’

b) —=—"—F €"=——.
(b) de 14 (e*)? C T lrex
(c) Differentiate both sides with respect to x,

d d
—(zsiny + y*cosx) = —(1)

dx dx
d d
siny+:1:cosy—y + 2y—ycosx+y2(—sinx) =0
dx dx
dy  y*sinz —siny

de  2ycosx +xcosy’

(d) Take logarithm and then differentiate both sides with respect to z,

d d
%lny: %(\/Eln(l—f—x))
1 dy 1 N3
S L ma
ydr 2z ( +x)+1+x
dy il 1 NI



3. Let
2 - :
fa) = xz®cos(In|z|), if z #0;
0, if x =0.
(a) Find f'(z) for = # 0.
(b) Find f'(0).
(¢) Determine whether f’(z) is continuous at z = 0.

Solution:

(a) Note that

for x # 0.

—In|z| =

dz
Hence, for x # 0,

f'(z) = 2z cos(In |z|) + 2*(—sin(In |z])) - i = 2z cos(In|z|) — z sin(In |z]).

_ 2 cos(] _
limM = lim ~ cos(lnfz)) = 0 = lim 2 cos(In |z]) = 0,
z—0 z—0 z—0 T z—0

since |cos(In|z|)] <1 for z # 0 and lir%x = 0. Hence f'(0) = 0.
T—

(c) Since |cos(In|z|)] < 1, |sin(In]|z|)] <1 for = # 0 and lirr(l)a: = 0, we have
r—r
limzcos(In|z|) =0 and limzsin(In|z|) = 0.
z—0 z—0

Thus
lim f'(z) = lim [22 cos(In|z|) — xsin(In |z])] = 0 = f'(0).

z—0

Hence f’(z) is continuous at x = 0.



4. Let a, be the sequence defined by

1
pi1 =b——, forn>1
CL1:1.
(a) Show that a, <5 for any n > 1.

(b) Show that a, is convergent.

(¢) Find lim a,.

n—oo

Solution:

(a) Let P(n) be the statement “1 < a, <5".

e Whenn =1,1<a =1<5. Therefore P(1) is true.

e Suppose P(n) is true for some natural number n > 1, ie. 1 < a, < 5.

Then,
5 ! <5 1 24<5
1 =5——<5—_-=— <5,
i an 5 5
and
1 1
an+1:5—_25——:421
an, 1

Therefore, P(n + 1) is true.

By mathematical induction, 1 < a,, <5 for all natural numbers n.

(If we only consider “a,, < 5” in induction, then a, could be negative, and it

is possible that

1
apy1 =H—— > 5.
a/n
On the other hand, to show that a,,; = 5 — -+ > 0, we need a,, >

an

The

Ut

lower bound 1 here is chosen for convenience.)
(b) Let Q(n) be the statement “a, 1 > a,”.
e Whenn=1,a,=5— % =4 > 1= ay. Therefore Q(1) is true.
e Suppose Q(n) is true for some natural number n > 1, i.e. anp1 > ay.

Then, since a,, > 0, we have

1
>5——= Apy1-
Ap+1 ap

Ap42 = 5—

Therefore, Q(n + 1) is true.



By mathematical induction, a,+; > a, for all natural numbers n.

Since {a,} is monotonic increasing and bounded above, it follows from the

Monotone Convergence theorem that {a,} is convergent.
(Note that a,.1 > a, > 0 is need to conclude that

1 1
>5—-—.
Ap41 Qp,

5—

For example, 2 > —1 but —% < —}1)

(c) Let £ = lim a,. By (a), we have 1 < ¢ < 5. Letting n — oo, we have

n—oo
1
(=5—-
14
Z—=50+1=0
V21 — 21
€:5+T or £:5T (rejected).

Hence lim a, =
n—o00 2

End of paper



