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General Regulations

e All assignments will be submitted and graded on Gradescope. You can view your
grades and submit regrade requests here as well. For submitting your PDF home-
work on Gradescope, here are a few tips.

e Late assignments will receive a grade of 0.

e Print out the cover sheet (i.e. the first page of this document), and sign and date
the statement of Academic Honesty.

e Write your COMPLETE name and student ID number legibly on the cover sheet
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make sure that your written solutions are a suitable size (easily read). Failure to
comply with these instructions will result in a 10-point deduction).

e Show all work for full credit. In most cases, a correct answer with no supporting
work will NOT receive full credit. What you write down and how you write it are
the most important means of your answers getting good marks on this homework.
Neatness and organization are also essential.
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1. Determine the limit of each of the following sequences, or show that the sequence
diverges. You may make use of the limit laws and theorems covered in class.
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(a) an:?m 7—(—) for n > 1.

n+2 5
(b) a, = v/n(vn+4—+/n) for n > 1.
7n
(c) an = for n > 1.
sin n?
(d) a, = for n > 1.
n
(e) an:ﬁ for n > 1.

5\ 1/3
() an:(3+ﬁ> for n > 1.

2. Consider the following bounded and increasing sequence:

(Cllz\/§

a9 =

3+3
agz\/3+ 3+\/§

Apy1 = \/3+an
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Answer the following questions:

(a) Show that the sequence converges and find its limit.

(b) Answer the same question when 3 is replaced by an arbitrary integer k& > 2.

3. For this problem, you may make use of the following mathematical result:
Fact. Let a, r be real numbers, with r # 1. Let {S,} be the geometric series
defined as follows:

Sn:Zark:a+ar+ar2+---+ar”, n=0,1,2,....
k=0

_ ntl
Then, S, = a (1_1”)
1—r

(a) Verify that {S,} converges to ! ¢ , whenever |r| < 1.

(b) Use the result of Part (a) to find the limit of the sequence {a,}, where

a—1+§+3+ +i
" 4 42 gn’



(c) Use the result of Part (a) to verify that the repeating decimal 1.777 - - -, often

written as 1.7, is equal to R

4. A sequence {a,} is defined recursively by the following equations:

a] = 1,
{Cln+1 =+/7+2a, forn>1.

Answer the following questions:

(a) Show that {a,} is bounded and monotonic and hence convergent.

(b) Find the limit of {a,}.
5. A sequence is defined by z; = 1, 2,11 = %xn + I% forn > 1.

(a) (i) Show that
2 9 _ (z—3)*(2x+3)
Pt T T T s

(ii) Show that x,, > 3 for n > 2.
(b) (i) Show that

2x + =<z
3 x? =
for x > 3.
(ii) Prove that x,.; <z, for n > 2.

(c) Hence show that {z,} converges and find lim z,.
n—oo
6. For each of the given functions, f, find its natural domain, that is, the largest subset
of R on which the expression defining f may be validly computed. Please express
your answer in the form of a single interval, or a union of disjoint intervals. For
example: (—o0,2) U [5,11).

(a) f(2) = VI~
() fla) = /2.
(c) f(z)=In(32% — 4z + 5).

(d) f(z) =In(vVz —4+ 6 —1).

(e) f(x)=sin® x + cos* x.



10.

Determine whether the given function, f, is injective, surjective, bijective, or none
of these. Explain clearly.

(a) f:R —= R, where f(x) =2z — 1.
-1

(b) f:{z| x#1} = R, where f(z) = p—

(¢) f:R— R, where f(z) = J/x.
(d) f:[-1,1] = [0,4), where f(x) = 2.

Determine whether the given function, f, is increasing, strictly increasing, decreas-
ing, strictly decreasing, bounded, bounded above, or bounded below.

x
r+1

(a) f:[0,400) = R, where f(x) =

(b) f: Rt — R, where f(z) = i

Find whether the function is even, odd or neither:

(a) f(z) =2 —|z|
(b) f(z) = log, (x + Va2 + 1)

© f) =2 (557)

(d) f(z) =sin z + cos x

Evaluate the limit, if it exists. If not, determine whether the one-sided limits exist
(finite or infinite).

2 — 322+ 5 — 15

(a) alslgzla 2 —x —12
1 —322°
(b) lim ’

etz 1— 823

. x—\2—2?
(c) lim :
=121 — /2 4 22

V22 +8— V10 — a2
(d) lim :

a1 /22 +3 — /5 — 22

. 2 1
(¢) :lcl—%(l—x?—i_x—l)'




() lim

z—0

:L‘7/10—|—3:v4/3—|—2m
x1/3+4x2/3+2x1/5 ’

11. Without using I’'Hopital’s rule, evaluate the limit, if it exists. If not, determine
whether the one-sided limits exist (finite or infinite).

(a) lim \/x4+1—\/x4—1.

T—00 €T
) lim V322 —1— 222 + 1

1 —sin®
c) li — .
(c) gHH;lp <1 — sin? )

(sin 22 — (1 + cos 2:U)

(d) lim

z—7/4 cos r —sin x

ﬂ—cosx—sinx

I

(€) x—l>17]rn/4 (4dx — )2
sin 7x — sin x

f) im ——

(®) 250 sin 6x

() i%(l—x) '

o 1 ()

ax a

R e —c .

(i) lim where a is a constant.
z—0 T

12. Evaluate the following limits.

. . 1
(a) lim xsin

z—0~
b hm sin tan x+tan sin x
T—+400 z+1

13. Evaluate the following limits.

. tanx —sinzx
(a) lim — - 3
z—0 sin” x
tan2

(b) lim an’ o

2—0 sin(z?)

<2
(¢) lim — 2

z—01 — \/coszx



