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Abstract

Estimation and testing of factor models in asset pricing requires choosing a set of test assets. The
choice of test assets determines how well different factor risk premia can be identified: if only few assets
are exposed to a factor, that factor is weak, which makes standard estimation and inference incorrect.
In other words, the strength of a factor is not an inherent property of the factor: it is a property of the
cross-section used in the analysis. We propose a novel way to select assets from a universe of test assets
and estimate the risk premium of a factor of interest, as well as the entire stochastic discount factor, that
explicitly accounts for weak factors and test assets with highly correlated risk exposures. We refer to our
methodology as supervised principal component analysis (SPCA), because it iterates an asset selection
step and a principal-component estimation step. We provide the asymptotic properties of our estimator,
and compare its limiting behavior with that of alternative estimators proposed in the recent literature,
which rely on PCA, Ridge, Lasso, and Partial Least Squares (PLS). We find that the SPCA is superior
in the presence of weak factors, both in theory and in finite samples. We illustrate the use of SPCA by
using it to estimate the risk premia of several tradable and nontradable factors.
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1 Introduction

Inference on factor risk premia is an indispensable component of the empirical work in asset pricing. In this
exercise, an essential role is played by the cross-section of assets, namely, test assets, used in the estimation.
Yet, little work has been dedicated to investigating rigorously and systematically how test assets should be
chosen, and what the pros and cons are of different choices.

The literature has mainly followed one of three approaches. The vast majority of the literature has
adopted a “standard” set of portfolios sorted by a few characteristics, such as size and value, following the
seminal work by Fama and French (1993). Another approach, taken more recently, has been to expand this
cross-section to include portfolios sorted by a much larger set of characteristics, following the expansion of
empirical work in recent decades documenting that many additional characteristics seem to associate with
risk premia. Finally, a third approach has been more “targeted” around the specific factor of interest: first
sorting assets into portfolios by their exposure to the factor, and then estimating risk premia using only
these sorted portfolios, that is, only a small cross-section expected to be particularly informative about that
factor.

We argue in this paper that all of these methods to choose test assets have important shortcomings,
and propose a new methodology to select test assets and use them to estimate risk premia that addresses
them. We refer to our estimator as a supervised-PCA (SPCA in short) estimator of risk premia, and prove its
consistency and asymptotic properties. Central to understanding the shortcomings of existing methodologies
— and the contribution of our procedure — is the concept of weak factor. Weak factors — factors that are
not well captured in the panel of test assets — have been discussed at length in the literature. Not only
identifying the risk premia of weak factors themselves is difficult; the presence of weak factors in a model
biases the estimation and inference of the other factors as well, including strong ones.

In this paper, we start from an alternative perspective to think about weak factors. Rather than thinking
about weakness of a factor as a property of the factor, we should think about it as a property of the set of
test assets chosen for the estimation. Any factor could be weak or strong depending on which test assets we
look at. As a simple but illustrative example, a liquidity factor may be weak in a cross-section of portfolios
sorted by, say, size and value, but may be strong in a cross-section of assets sorted by characteristics that
capture well exposure to liquidity. Importantly, the choice of test assets determines the strength not only of
the factor of interest (e.g., liquidity), but also of all other factors that drive the stochastic discount factor.
As discussed in the literature (e.g., Jagannathan and Wang (1998) and Giglio and Xiu (2020)), estimating
and testing the risk premia of some factors requires properly controlling for the test assets exposure to all
the other relevant factors, in order to avoid an omitted variable bias problem. The choice of test assets
therefore has both a direct effect on the factor of interest, and on all the other factors in the model (whether
they are observed or latent).

The SPCA methodology we propose addresses directly the issue of weak factors, both observable and la-
tent, by combining principal component estimation methods with systematic asset selection; it also addresses
the potential for omitted factor bias, whether it is due to strong or weak omitted factors.

In a nutshell, the procedure works recursively in the following way. We start from a large cross-section
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of each asset with the factor of interest. We select a relatively small portion of assets, only keeping those
with sufficiently high correlation (in absolute value): these are assets that are particularly informative about
the factor of interest. We then compute the first principal component of these portfolios, which will be our
first estimated factor. Then, we remove (from both the factor and the returns) the part explained by this
first factor, and compute the univariate correlation of the residuals of the factor and the residuals of the
assets. Again, we select among the universe of test assets those for which this correlations is especially high,
and compute the principal component of these assets. This will be our second estimated factor. We then
further remove (from the factor and the test assets) the part explained by this factor as well, and iterate
again on the residuals. We repeat this procedure p times, where p can be either a prior estimate of the
number of factors (strong and weak) in the data or regarded as a tuning parameter to be determined by
some validation step. This procedure recovers from the data p latent factors that are informative about the
factor of interest. Importantly, the fact that at each step only test assets that are sufficiently correlated
with the factor are selected ensures that not only strong, but also weak factors (relative to the entire cross
section) are captured by the procedure — contrary to standard PCA that uses all assets at all steps. As
a consequence, our methodology is able to consistently estimate the risk premium of any factor whether
strong or weak in the cross-section of assets, and even in the presence of latent weak factors.

It is useful to contrast the procedure to select test assets with the three standard approaches to select test
assets summarized above. Using a standard, small cross-sections (like the size- and value-sorted portfolios)
to estimate risk premia has the problem that except for size and value, which are strong factors in this
cross-section, many other factors are weak: the test assets do not contain sufficient information to identify
their risk premium. Using a large cross-section of test assets (the second approach) may appear, on the
surface, to address this issue: a large cross-section contains returns that are exposed to a large number of
underlying factors. However, and importantly, if only a few assets are exposed to some factor, while most
others are not, that factor will be weak in this large cross-section, again yielding biased estimation and
inference. Finally, the third approach — building targeted portfolios of assets sorted by the exposure to the
factor of interest — is affected by the omitted factor problem, since it considers univariate exposures only;
so it will generally yield biased estimates (intuitively, exposures with the factor of interest may capture
correlated exposures to other risks in the economy).

In fact, one way to interpret the SPCA methodology is that it combines several important strengths of
these three choices of testing cross-sections. The selection step, that focuses on assets that covary sufficiently
with the factor of interest, inherits the main idea of the “targeted” approach: to learn the most information
from a few assets that are particularly informative about the factor, discarding assets that do not contain or
contain less information about it. At the same time, SPCA also starts from a large cross-section, exploiting
the fact that large cross-sections will contain (somewhere among the many assets) risk exposure to many
latent factors, sometimes in strong form, sometimes in weak form. Finally, our method combines these
insights with the results of Giglio and Xiu (2020) — that extracting latent factors from the panel of returns
and controlling for them can solve the issue of omitted factor bias when estimating risk premia. The main
difference between the two papers is that SPCA integrates the selection step at each stage of the estimation
of the latent factors to solve the weak factor problem.

A closely related (and essentially the same) problem of weak factors is that of highly correlated factor



exposures. In a multi-factor model, if two factors share similar risk exposures, for instance, two different
versions of the liquidity factor are both included in the model, the Fama-MacBeth procedure suffers from
the identification failure due to multicolinearity, which results in unstable risk premia estimates. The PCA
procedure by Giglio and Xiu (2020) helps resolve this issue because their risk premia estimates for observable
factors are constructed separately one at a time. Their assumption, though, requires strong identification of
all latent factors. In this paper, we further discuss the case in which latent factors might also have highly
correlated exposures to a given set of test assets. Even if all latent factors are strong in the sense that their
corresponding betas show considerable variation individually, these betas could be highly correlated, which
leads to the same symptoms as that due to weak factors. We show that our SPCA procedure provides a
cure in this case as well because an equivalent rotated representation of this model exactly translates this
correlated exposures problem to the same problem of weak factors.

In the paper, we formally derive the SPCA approach to estimating factor risk premia and constructing
the stochastic discount factor, allowing for weak factors and test assets with highly correlated risk exposures.
To justify our approach, we provide asymptotic properties of SPCA as well as alternative estimators in the
recent literature, which rely on PCA, Ridge, Lasso, and Partial Least Squares (PLS). We show that the
PCA (and some other variations of it), Ridge, and PLS are inconsistent in the presence of weak factors,
that the Lasso approach is consistent for SDF estimation (and hence risk premia estimation) but is not
as efficient as our SPCA in general. Only when the true factors are part of the test assets can the Lasso
estimator achieve a comparable efficiency as our SPCA.

After deriving the theory of SPCA and simulations, we present empirical evidence on the performance
of the SPCA estimator for a variety of tradable and nontradable factors studied in the literature. We start
from the large cross-section of test portfolios produced by Chen and Zimmermann (2020), covering more
than 700 portfolios for the period 1976-2019. We then apply SPCA to estimate the factor risk premia, and
compare it with the alternative methodologies, such as PCA of Giglio and Xiu (2020), rpPCA motivated by
an SDF estimator of Lettau and Pelger (2020), and a PLS version of Giglio and Xiu (2020) (see Kelly and
Pruitt (2013) for introducing PLS in a different asset pricing context). As we discuss further in the paper,
each of these methods is effectively building a regularized mimicking portfolio for the factor that exploits
the assumptions of the factor structure of the SDF'; therefore, a relevant criterion to evaluate the different
methodologies is the R? of the projection of the factor onto the extracted latent factors. When we compare
different models fully out of sample (both based on the risk premia estimates and on the time-series R?) a
few interesting patterns emerge. For the case of strong factors, all methodologies find similar results and
perform similarly; the same happens in the case of completely spurious factors. More interestingly, however,
different methodologies give different answers for the intermediate case of weak factors. In that case, SPCA
shows more robust results, achieving consistently higher out of sample R?, and in a way that is much more
robust to the number of factors p used in the estimation. The robustness with respect to the number of
factors used is closely related to the selection step of the methodology: because it selects assets that are
highly correlated with the factor of interest, the methodology zooms in quickly on latent factors that are
especially informative about the factor. For example, a standard cross-section might have 5 strong factors
unrelated to the factor of interest; the 6th principal component is the one that captures the exposure to

that factor. Standard PCA will then require 6 factors to properly uncover and estimate the risk premium.



SPCA, on the contrary, might need much fewer factors to do so, because from the very beginning it selects
assets that are informative about the factor of interest, discarding assets that do not have exposure to the
factor.

This paper builds on a large literature on risk premia and factor model estimation and their limits in the
presence of weak and omitted factors. The pioneer contribution of Kan and Zhang (1999) shows that the
inference on risk premia estimates from Fama-MacBath regression becomes invalid when a useless “factor”
— a factor to which test assets have zero exposures — is included in the model. Kleibergen (2009) further
points out the failure of the standard inference if betas are relatively small. This issue is quite relevant in
practice because many test assets are not very sensitive to macroeconomic variables. Moreover, the same
problem arises when betas are collinear, that is, some factors are redundant in terms of explaining the
variation of expected returns. This is again a relevant issue in practice due to the existence of hundreds of
factors discovered in the literature, see, e.g., Harvey et al. (2016), many of which are close cousins and do
not add any explanatory power (Feng et al. (2020)).

To estimate the risk premia of these factors, Giglio and Xiu (2020) suggest an alternative approach to
Fama-MacBeth regression, which helps solve the issue of omitted factor bias. The key assumption behind
is that the true DGP of returns is driven by latent but strong factors, so that these factors, and in turn
the SDF, can be recovered by the principal component analysis (PCA). Therefore, the covariance between
any factor and the estimated SDF yields the factor’s risk premium. In this paper, we focus on the more
challenging (and general) case in which the latent factors are not strong, but can be arbitrarily weak. This
is not a minor issue: given the large number of factors and test assets in the literature, it is in fact natural
that in any cross-section of test assets, at least some factors will be weak, rather than strong. The weak
factor problem is in fact quite pervasive in the data.

Recently, Lettau and Pelger (2020) propose an estimator of the SDF in the presence of weak factors by
generalizing the PCA with a penalty term that accounts for pricing errors in expected returns; they refer to
the estimator as risk premium PCA, or rpPCA. Their paper is among the very first to directly tackle the
presence of weak latent factors in the SDF. The SDF estimated using this procedure can then be used to
estimate risk premia (since risk premia are covariances with the SDF). While they have shown their estimator
of SDF can lead to higher Sharpe ratios empirically, the very assumptions under which rpPCA is derived
are so restrictive that they preclude any possibility of consistent estimation of risk premia or the SDF itself.
On the contrary, we produce an estimator that we prove is consistent for risk premia in a less restrictive
environment, and even when weak factors are present (and in addition, we derive asymptotic inference on
risk premia as well). More specifically, we do not require N and T to diverge at the same rate; we do not
require the factor loadings to be orthogonal; we do not require the idiosyncratic errors to be multivariate
Gaussian; we do not require all factors to be strong or all to be weak. Our key identifying assumption is
that the minimum eigenvalues of the factor component in the covariance matrix of returns diverges whereas
the largest eigenvalue due to the idiosyncratic errors is bounded. This assumption is sufficiently weak to
the extent that it allows for weak factors that the standard PCA fails to recover, yet this assumption is just
strong enough to ensure identifiability (i.e., separation of factors and idiosyncratic errors), so that consistent
estimators exist.

Also related is Pesaran and Smith (2019), who investigate the effect of factor strength and pricing error in



risk premium estimation. They point out that the conventional two-pass risk premium estimator converges
at a lower rate as the factors become weaker. However, even if all factors are strong, some factors could be
highly correlated, so that the weak factor problem also arises. We propose a new approach that addresses
both issues with the classic approach. Anatolyev and Mikusheva (2018) propose a sample-splitting approach
to address the issues of weak factors and missing factors. Our assumptions on weak factors are more general,
and we also allow for priced missing factors.

We argue the selection of test assets should account for the issues of weak factors and highly correlated
risk exposures. We provide asymptotic analysis to justify our approach as well as develop valid statistical
inference for our procedure. From a different perspective, Ahn et al. (2009) suggest forming portfolios as
test assets by clustering individual securities based on their correlations so that securities within clusters are
similar but different across cluster. There is, however, not a clear theoretical rationale behind this proposal.
We suggest using correlations between test assets and individual factors, whereas their approach requires
correlations among all test assets, which could be computationally expensive, if the number of test assets is
large. Moreover, their proposal does not help resolve the aforementioned issues, which is the main focus of
our paper.

Bryzgalova et al. (2020) suggest constructing test assets by sequentially sorting characteristics and then
select test assets by maximizing the Sharpe ratio of a portfolio comprised of these sorted portfolios. They
show that forming test assets this way creates better investment opportunities than the conventional sorting
methods, which leads to an estimated SDF with higher Sharpe ratios. Our proposal is agnostic about how
one should build a large cross-section of test assets. Our analysis sheds light on the inherent connection
between test assets selection and the strength of factors, and provides the missing theoretical rationale on
how test assets should be selected to alleviate the problem of weak factors.

There is a growing strand of econometrics literature on weak factor models. Bai and Ng (2008) argue
that the properties of idiosyncratic errors should be considered when constructing principal components.
Dropping some data, if they are noisy, may improve the forecasting. They compare the performance of
hard thresholding, Lasso, the elastic net and Least angle regressions for the selection of subsets for factor
estimation. Our SPCA approach shares the spirit of theirs, but is more involved because we allow for multiple
selection steps. Our focus is on risk premia estimation instead of forecasting, for which we also provide
inference. Similar to our paper, Bailey et al. (2020) also assume a sparse structure on the loading matrix of
factor exposure. Under this assumption, they propose a measure of factor strength. Freyaldenhoven (2019)
proposes an estimator of the number of factors in the presence of weak factors, though the notion of “weak”
factors is somewhat strong because the principal component analysis in his setting can still recover these
“weak” factors consistently.

The concept of supervised-PCA originated from a cancer diagnosis technique applied to DNA microarray
data by Bair and Tibshirani (2004), and was later formalized by Bair et al. (2006) in a prediction framework,
in which some predictors are not correlated with the latent factors that drive the outcome of interest. Bair
et al. (2006) suggest a screening step using marginal correlations between predictors and the outcome variable
to select the subset of useful predictors, before applying the standard PCA to this subset. They prove the
consistency of this so-called SPCA procedure, but relying on a restrictive identification assumption that

any important predictor must also have a substantial marginal correlation with the outcome. The screening



step of our SPCA procedure shares the spirit with theirs (in the sense that their outcome variable is our
factor of interest, and their predictors are our test assets), but our projection step is new, which is precisely
introduced to eliminate the strong identification assumption used before. Also, our focus is not on prediction
per se (which resembles the step of building mimicking portfolios in our setting), but instead on inference on
parameters (i.e., risk premia) that involves an additional step and more intricate analysis for the asymptotic
theory.

The paper is organized as follows. Section 2 first sets up the notation and model (Sections 2.1 and 2.2),
then discusses the inconsistency of existing estimators in the presence of weak factors (Section 2.3), provides
our methodology (Sections 2.4 and 2.5) and finally the inference theory (Section 2.6). Section 3 provides

simulation evidence, followed by an empirical study in Section 4. The appendix provides technical details.

2 Methodology

2.1 Notation

Throughout the paper, we use (A, B) to denote the concatenation (by columns) of two matrices A and B.
e; is a vector with 1 in the ith entry and 0 elsewhere, whose dimension depends on the context. ¢, denotes a
k-dimensional vector with all entries being 1, and I; denotes the d x d identity matrix. For any time series of
vectors {a;}1_,, we denote a = % Zthl a;. In addition, we write a; = a; — a. We use the capital letter A to
denote the matrix (ai,as, -+ ,ar), and write A = A — av). correspondingly. We denote Py = A(ATA)LAT
and M4 = II; — P4, for some d x T matrix A. We use a V b to denote the max of a and b, and a A b as their
min for any scalars a and b. We also use the notation a < b to denote a < Kb for some constant K > 0 and
a Sp b to denote a = Oy(b). If a $band b S a, we write a < b for short. Similarly, we use a <, bif a <, b
and b 5, a.

We use Apin(A) and A\pax(A) to denote the minimum and maximum eigenvalues of A, and use \;(4) to
denote the i-th largest eigenvalue of A. Similarly, we use 0;(A) to denote the ith singular value of A. We use
|Ally; Al |A]l, and ||Al|p to denote the Ly norm, the Lo, norm, the operator norm (or Ly norm), and the
Frobenius norm of a matrix A = (a;;), that is, max; >, |a;[, max; 3, [a;;l, VAmax(ATA), and /Tr(ATA),
respectively. We also use ||A|y\jax = max; j |a;j| to denote the Lo norm of A on the vector space. When
a is a vector, both [|a|| and [[a|p are equal to its Euclidean norm. We use [|a||, to denote ), 144,401 We
also denote Supp(a) = {i : a; # 0}. Finally, we use [N] to denote the set of integers: {1,2,..., N}. For an
index set I C [N], we use |I| to denote its cardinality. We use A to denote a submatrix of A whose rows

are indexed in I.

2.2 Model Setup

Suppose that an IV x 1 vector of test asset excess returns, r;, follows:

re = By + Bog+u, E(vy) = E(uy) = 0 and Cov(vg, ug) = 0, (1)



where § is an N X p matrix of factor exposures, v is a p X 1 vector of factor innovations, and u; is an N x 1
vector of idiosyncratic errors.! The v; vector is unobservable, even though it may include factor innovations
of observable factors, f, i.e., vy = f; — py, since py is an unknown parameter. Also, vy can include latent
factors, if any.

Prior to the discussion of factor strength, we need a well-defined asymptotic scheme. We will assume
that both N and T" go to oo, whereas p is fixed. The p x p factor covariance matrix X, is asymptotically non-
singular in the sense that 1 <, Amin(Z0) Sp Amax(Zv) Sp 1. This assumption is rather weak as it only rules
out factors whose risks are (asymptotically) negligible. We also maintain the assumption that || ¥X,| <, 1, so
that there exists no factor structure in the residuals u;. This condition is needed for identification purpose,
which ensures that all factors, regardless of their strength, must be distinguishable from the idiosyncratic
errors.

In this setting, a factor’s strength is entirely determined by test assets’ exposures to it, since all factors
have non-negligible risks. In light of this, the strength of a factor is context specific — the selection of test
assets dictates its strength. For instance, a momentum factor could be a strong factor for momentum-sorted
portfolios, but this factor may be weak with portfolios sorted by size or value as test assets, because the
latter portfolios might diversify the exposure of the momentum factor.

The concern on factor strength has come to light since Kan and Zhang (1999), who discussed the failure
of two-pass cross-sectional regressions in an extreme case where some factors are purely useless, to which test
assets have zero-exposures. At the other extreme, the most prevalent assumption adopted by the literature
on factor models, e.g., Bai and Ng (2002), is that all factors are strong or pervasive, that is, ||3|| < v/ N,
which dominates the strength of the idiosyncratic component, as measured by ||3,]|. In contrast, our focus
is on the regime of weak factors, in which the norm of columns of 3 is allowed to diverge at different and
slower rates, which will be made more precisely later. The fact that weak factors are relevant in practice
can be illustrated from the scree plot of eigenvalues of returns. The eigen gap between weak factors and
the idiosyncratic components may not appear as clear-cut as the gap between the pervasive factors and
idiosyncratic components.

We anchor our discussion on weak factors in two intriguing asset pricing exercises: the estimation of risk
premia and the recovery of pricing kernel.

In this model, the stochastic discount factor (SDF) can be represented as
my =1 — T8 by, (2)

where ¥, is the covariance matrix of factor innovations. It also makes sense to consider an SDF in terms of

the tradable test asset returns:
mt = ]. — bT(’r‘t — E(T‘t)), (3)

where b is an N x 1 vector of SDF loadings which satisfies E(r;) = Xb, where ¥ is the covariance matrix

of 4. As will be shown later, these two forms of the SDF are asymptotically equivalent in the asymptotic

LOur model is set up for portfolios as test assets. To generalize this model for individual stocks, more structures should be
imposed to address time-varying risk exposures, see, e.g., Gagliardini et al. (2016), Kelly et al. (2019), and Kim et al. (2020).



scheme we consider, so that there is no ambiguity with respect to which estimand we consider.
We are also interested in risk premia of some observable factor proxies, summarized in a d x 1 vector,
g¢. Following Giglio and Xiu (2020), we do not assume that g; is part of or is identical to v;; instead, we

assume g; and vy are (potentially) correlated:

gt = &+ o + 2, (4)

where & = E(g¢), 1 is a d x p matrix, and z; is “measurement” error orthogonal to v;. The risk premia of
gt is 1y, which is our parameter of interest. This model clearly nests the classic linear asset pricing model
with observable factors only, in which case we can set n = I, and z; = 0.

Since the true factors in v; are potentially weak, these observable proxies in g; may therefore be weak.
That said, their risk exposures (to v;), 1, and risk premia, 7, are not necessarily diminishing (asymptotically).

Specifically, ny could be a fixed parameter that does not vary with the sample size.

2.3 Inconsistency of Existing Estimators

In what follows, we revisit a number of existing procedures for risk premia estimates, and then demonstrate
their failure using a simple model with a single weak factor.

2.3.1 PCA

Giglio and Xiu (2020) suggest a three-pass procedure to estimate ny: 1) apply PCA to the sample covariance
matrix of returns to obtain estimates of the latent factors, 73;*> 2) use Fama-MacBeth regression to recover
the risk premia of vy, 7; 3) use time series regressions of g; on Uy to estimate 7. A combination of these

estimates yields 77, the estimate of risk premia. We summarize this procedure in the following algorithm:

Algorithm 1 (PCA-based Estimator of Risk Premia). The estimator proceeds as follows:
Inputs: R and G.

S1. Apply SVD on R, and write the largest p left and right singular vectors as ¢ and xi and the corre-
sponding singular values as VTAY2. The estimated factors are given by V= VTET.

S2. Estimate the risk premia of v by v = A2T,
S8. Estimate the factor loading of g+ on vy by ) = T-1GVT.
Outputs: /):, ‘A/,ﬁ, 5, and %DCA =19.

Giglio and Xiu (2020) establish the consistency of this estimator and its asymptotic inference, in the case
that all latent factors are pervasive, whereas g; can be either strong or weak (depending on the magnitude
of n). Unfortunately, this estimator fails when some latent factors are weak, which we will show next.

To explain the intuition behind the failure of PCA, it is sufficient to consider a one-factor model with

p=d=1and ¥, = 1, in which case the covariance matrix of returns satisfies: ¥ = 557 + ¥,. This matrix

2Equivalently, we directly apply the singular value decomposition (SVD) on R.



has a noisy low rank structure in that 587 has rank 1 whereas ¥, is a full-rank covariance matrix. To make
it simple, we also assume that the factor of interest g; has no measurement error, i.e., z; = 0 and g = nvy.

A successful recovery of g via PCA of realized returns requires a favorable signal-to-noise ratio. If
the “signal” as measured by ||5]|, dominates “noise”, which arises from the idiosyncratic component 3,
and the estimation error in the sample covariance matrix S >, the first sample eigenvector of ¥ would
(approximately) span the same space spanned by the true 5. Thus using the beta as defined by B\ =
T-YRVT = cAY2 in the cross-sectional regression would yield a consistent estimator of risk premium of the
estimated latent factor, which in turn leads to a consistent estimator of the risk premium of g. Otherwise,
there would be a non-vanishing angle between the space spanned by B and that by 3, which eventually
results in an inconsistent estimate of the risk premium 7. Proposition 1 below shows that the PCA-based

risk premium estimator is consistent only if N/(||3]|>T") — 0.

Proposition 1. Suppose that test asset returns follow a single-factor model in the form of (1) with p =1,
gr satisfies (4) with d = 1, and uy and vy i.49.d. normally distributed and independent from each other
and z = 0. In addition, suppose that 8 satisfies N/(||3|>T) — B > 0 and ||8]] — co. Then we have
A L (1+ B) .

In the presence of strong factors, ||| < v/N, which leads to B = 0 as T — o0, so there is no bias. In
general, the consistency depends on the relative magnitude of N, T, and ||3||. When N are T are of the
same order, ||| — oo is sufficient for the consistency of risk pemia estimation. This makes sense in that the
eigenvalue of returns corresponding to this factor is proportional to || HQ, whereas the eigenvalues for the
idiosyncratic errors are bounded, so that ||| — oo guarantees the separation between factors and errors

and hence the identification of factors.

2.3.2 PLS

Giglio and Xiu (2020) show that the PCA-based estimation procedure effectively constructs a mimicking
portfolio for g; via a principal component regression (PCR) on ry, which is amount to a projection of g;
onto the first few PCs of the sample covariance matrix of r;. This is an unsupervised approach, in that the
PCs are obtained without any information from g;. Therefore, they might be misled by large idiosyncratic
errors in 7 when the signal is not sufficiently strong. In contrast with PCA, the partial least squares (PLS)
is a supervised procedure, which has been shown to work better than PCA in other settings, see, e.g., Kelly
and Pruitt (2013). In the same spirit, we now propose a PLS based approach for risk premia estimation,
exploiting variations of returns that are relevant to the target factor of interest. The key difference is that
PCA seeks for linear combinations of R that maximizes variation, ignoring information from the target G,
whereas PLS seeks for linear combinations that have the largest covariance with G. In the case that G is
a 1 x T vector, the weight vector of the first PLS component is proportional to RGT, so the first factor is
spanned by GRTR. We can normalized this factor to have a unit norm, and then continue the procedure
with the residuals from a projection of R onto the first factor. We formulate the PLS-based algorithm for

a general d x T matrix of G below:

Algorithm 2 (PLS-based Estimator of Risk Premia). The estimator proceeds as follows:
Inputs: R(l) =R, T(1) =7 and G.
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S1. Fork=1,2,--- ,p, repeat the following steps using R(k), T(k) and G.

a. Obtain the weight vector w from the largest left singular vector of R(k)C_JT.

b. Estimate the kth factor as ‘A/(k) = \/TwTR(k)/ HwTR(k)H. Here, ‘A/(k) is normalized to have norm
VT.

c. Bstimate the risk premium of 17(k) by Yk = \/TwTF(k)/ HwTR(k)H.

d. Estimate the kth factor loading of r+ by B(k) = T‘lﬁ(k)‘//\'&).

e. Remowve ‘/}(k) to obtain residuals for the next step: R(kﬂ) = R(k) — B(k)‘A/(k) and T (1) = Ty —

~

By Vew-
S2. Estimate the factor loading of g: on vy by ) = T-1GVT by V= (‘A/(Tl), e ,17(;))T and the estimated risk
premium is ¥ = (Y, Y(p)) T
Output: /V\;DLS =1.

The PLS estimator has a closed-form formula if G is a 1 x T vector and a single-factor is extracted
(p=1):

APLS = |GRTR|| *GRTRGTGRTT.

While the PLS procedure seems appealing, the next proposition shows that this approach is asymptotically

equivalent to the PCA-based procedure, hence it fails in exactly the same weak factor setting as PCA.

Proposition 2. Suppose that test asset returns follow a single-factor model in the form of (1) withp =1, g;
satisfies (4) with d = 1, uy and vy i.i.d. normally distributed and independent from each other, and zz = 0. In
addition, suppose that § satisfies N/(||8]*T) — B > 0 and ||8|| = co. Then we have W;DLS 2 1+ B) .

Intuitively, the covariance information embedded in the objective function of PLS is dominated by its

variance component, hence PLS yields the same asymptotic behavior as PCA.

2.3.3 Ridge

Next, we consider an alternative ridge regression approach to the construction of mimicking portfolios, and

the resulting risk premia estimator can be written as:

SRidse - GRY(RRT + ) "' 7,
where p > 0 is some tuning parameter. In the case of pervasive factors, Giglio and Xiu (2020) show that
the ridge estimator yields consistent estimate of 1y. However, the ridge estimator also fails in the presence

of weak factors:

Proposition 3. Suppose that test asset returns follow a single-factor model in the form of (1) withp =1, g
satisfies (4) with d = 1, uy and vy i.i.d. normally distributed and independent from each other, and z; = 0. In
addition, suppose that B satisfies N/(HBH2 T) — B >0 and ||| — oo, and the tuning parameter p satisfies
w/(|BI2T) — D for some constant D > 0 such that B+D > 0. Then we have ﬁfid‘qe 2 (1+B+D) .
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Even though the ridge-based risk premia estimator seemingly accounts for the impact of all eigenvectors
as factors instead of only the first p of them, the resulting estimator remains inadequate for consistency.
Intuitively, the tuning parameter p in the ridge procedure serves as a threshold that impedes the influence
of eigenvectors corresponding to small eigenvalues just like in PCA and PLS, which explains the appearance
of B in the limit. The impact of 1 also leads to a shrinkage bias to the first few eigenvectors (i.e., factors),

which is why an extra term D appears in the limit as well.

2.3.4 Risk Premium PCA

Finally, we consider an estimator of 77y based on the risk premium PCA (rpPCA) estimator proposed by
Lettau and Pelger (2020) in the context of SDF estimation.

Algorithm 3 (rpPCA-based Estimator of Risk Premia). The estimator proceeds as follows:
Inputs: R and G.

S1. Apply PCA on RRT + ur7T, where i is a tuning parameter, and write the largest p eigenvectors as <.
The estimated factors are given by V =¢TR.

S2. Estimate the risk premia of 1% by ¥ =<Tr.

S3. Estimate the factor loading of g on vy by n = T_IC_}‘A/T(?XA/T)_l.

Outputs: Jg" POA _ 53,

The standard PCA is applied to the covariance matrix of returns, that is RRT — 77T. Lettau and Pelger
(2020) show that assigning a larger weight p > —1 to the term related to average returns improves the
Sharpe ratio of the estimated SDF. They derive asymptotic properties of this estimator in a setting where
all factors are weak and IV and T increase to infinity at the same rate. In their setting, the strength of weak
factors remains indistinguishable from that of idiosyncratic errors as N and T increase, which precludes
the consistency of any estimators. We discuss here an induced risk premium estimator based on their SDF
estimator, but in a setting where a single factor can be weak yet its strength increases asymptotically.
This setting is more informative for comparing different approaches, under which a consistent estimation

procedure also exists.

Proposition 4. Suppose that test asset returns follow a single-factor model in the form of (1) with p =1,
gt satisfies (4) with d =1, uy and vy i.i.d. normally distributed and independent from each other, and z; = 0.
In addition, suppose that 3 satisfies N/(||8||> T) — B > 0 and ||3]| — oo, that the factor has a non-zero risk

premia, i.e., v # 0. Then for some tuning parameter p > —1, we have
PP Ly w14+ B) 'y + (1 —w)n(y + v 'B),

where

2+ 2B

w = ,  a=0+u»*+B)-B.
1+2B++/(1—-a)2+4(1+pu)y+a ( ) )
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Proposition 4 suggests that this rpPCA estimator is also inconsistent, with a more involved bias term

compared to the above estimators.

2.4 Our Solution: Test Asset Selection

Results in the previous section shed light on the limitation of dimension reduction or shrinkage estimators,
when factors are not pervasive. In practice, test assets are constructed by characteristics-sorted portfolios,
e.g., by size or value. If the majority of the test assets have zero or little exposure to some of the factors,
say, momentum, in the data generating process of returns, the weak factor problem arises.

One potential solution is to screen test assets and only keep those that have nontrivial exposure to the
factor of interest. This factor is likely strong within this smaller set of test assets, so it is possible to apply
PCA or any of the above procedures to recover its risk premium, as long as there remains a sufficient number
of test assets.

This strategy echoes some practice in the empirical asset pricing literature. Very often, test assets are
formulated using the exact characteristics-sorted portfolios that the factor of interest is born from. For
instance, Fama and French (1993) use size and value double-sorted portfolios as test assets when estimating
a factor model that include size and value as factors. This choice of test assets ensures considerable exposure
to these factors, therefore the model with such factors is useful in explaining the cross-section of these test
assets. While this strategy might appear ad hoc, we formalize this intuition and make this procedure
rigorous.

We start with a simple one factor setting as discussed in the previous propositions, which helps illustrate
the intuition behind our proposal and facilitates comparison with existing estimators. The next section is
devoted to the general case. To ensure sufficient test assets after screening, we assume that there exists a
subset Iy C [N] such that Hﬁ[lo}H = /Ny, where Ny = |Iy] — oo. Consequently, as long as we locate this
subset of assets, within which there exists a strong factor structure, we can recover risk pemia consistently.
In practice, it is the empirical researchers who decide which test assets to employ in their study. Assuming
that a strong factor structure exists at least within a subset of test assets seems plausible. We next formally

present our SPCA procedure for test assets selection and risk premia estimation.

Algorithm 4 (SPCA-based Estimator of Risk Premia for a Single Factor Model (p = 1)). The procedure
is as follows:
Inputs: R and G, a 1 x T wvector.?

S1. Select a subsetT C [N]: T = {i’T‘l |R;GT| > cq}, where cq is the (1—q)-quantile of {T~* ‘R[i]GT‘}ie[N]'
S2. Repeat S1. — S3. of Algorithm 1 with selected return matrix R[I] and G, and p = 1.
Outputs: ‘y\gSPCA =17, X, 17, 7, and 7.
We establish the consistency of the SPCA estimator in the following proposition:

Proposition 5. Suppose that log N/T — 0 and test asset returns follow a single-factor model in the form
of (1) and that g, satisfies (4), with ug, vy, and z; i.i.d. normally distributed and independent from each

3We discuss the case of a multivariate G in Section 2.6.
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other. The loading matriz B satisfies ||B|yax S 1 and there exists a subset Iy C [N] such that Hﬁ[fo}H =
VNo where No = |ly| — oo. In addition, suppose that Bi,ny and ]5\{(1]\,“} are distinct in the sense that
|B|{qN+1} <1+t W{QN} for some § > 0, where |ﬂ\{k} denotes the kth largest value in {|Bm‘}i€w].

Then, for any choice of q in Algorithm 4 such that ¢gN/No — 0 and ¢N — oo, we have ‘y\gPCA 2, 7.

2.5 The General Case: Selection and Projection

Propositions 1 - 5 focus on a perhaps unrealistic single-factor model since they are meant to illustrate the
intuition behind our procedure as well as the failure of existing approaches due to the presence of a weak
factor. In general, the DGP of returns is likely driven by more than one factors, some of which may be weak.
In the same spirit of Proposition 1, we can show that a more general necessary condition for the consistency
of PCA in a multi-factor model is that

N/(Amin(B78)T) — 0. (5)

Intuitively, this condition requires that the weakest one among all p factors in (1) is sufficiently strong so
that it can be recovered by PCA. Once again, we consider below more challenging regimes in which the
condition (5) fails.

In a multi-factor model, even if all factors are strong by themselves, a related problem arises when some
of the factors’ exposures are highly correlated. Consider, for example, a two-factor model where the beta

matrix has the following form:

B11 | B2

= . 6
0 B2t | B2z )

where 311 and (312 are Ny x 1 vectors and (21 and [29 are (N — Ny) x 1 vectors. Suppose that 521 = (22.
Then we can show that Amin(878) < ||811 — Bi2l|? /2 < No. As a result, N/(Amin(878)T) = N/(NoT),
which does not necessarily converge to 0 if Ny and 7" are small, so that the condition (5) could fail. In this
example, while both factors are strong, since they have highly correlated exposures, the same “weak factor”
issue arises.

Also, applying the screening approach alone would not work in a general multi-factor model. Take (6)
again as an example. Suppose that (21 # S22 = 0, then it is easy to show that Apnin(878) < ||/312H2 < No,
thus in light of the above discussion, the weak factor problem would occur in this example. Needless to
say, it is the second factor that is weak since most of test assets’ exposure to it is zero. Now suppose that
n = (1,1), then it implies that the observed factor g is correlated with both factors and hence with all test
assets, so that screening would not eliminate any of them, and yet PCA with all test assets will not recover
the weak factor, if N/(NoT') does not vanish. This example demonstrates that even though pre-screening
assets ensures that the first PC after screening is strong, there is no guarantee that this procedure can solve
the weak factor issue in one step.

It is worth pointing out that the two aforementioned cases are in fact equivalent, because we can rotate
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the beta matrix in the second case into the form of the first case. Thanks to the rotation invariance property
as illustrated in Giglio and Xiu (2020), both the risk premia and the SDF estimands remain the same.
The above examples illustrate that the screening step may not eliminate any test assets to the extent
that the weak factor problem remains. We provide another example that shows screening can eliminate too
many assets so that a strong factor model becomes a weak or even rank-deficient one. For example, suppose

B has the following form:

Bi1 | P11

= , 7
G o o (7)

where 11 and ey are N/2 x 1 non-zero vectors satisfying ||B11]| =< ||B22]| < V'N. Clearly, 8 is full-rank
and that both factors are strong. Therefore, a standard PCA procedure should work smoothly. Suppose
in addition that n = (1,0) (i.e., g = v1;) and that vy and vy are uncorrelated. Then it implies that g; is
uncorrelated with the second half of test assets in ¢, so only the first half would remain after screening with
gt- These remaining test assets, however, have perfectly correlated exposures to both factors, so that only
one factor, vy; + vy, is left. This example shows the supervised procedure (screening plus PCA) proposed
by Bair et al. (2006), may be counterproductive in a multi-factor setting.

To resolve the issue of weak factors and avoid the excessive screening trap, we propose a multi-step
procedure that iteratively conducts selection and projection. The projection step eliminates the influence
of the estimated factor, which ensures the success of the following-up screening step. More specifically,
Step S1 of Algorithm 4 can help identify one strong factor from a selected subset of test assets. Once we
have estimated this factor, we project the returns of all test assets r; and g¢; onto this factor, so that their
residuals will not be correlated with this factor. Then we can repeat the same selection procedure with these
residuals. This approach enables a continued discovery of factors, and guarantees that each new factor is
orthogonal to the estimated factors in the previous steps, similar to that of PCA. It is also easy to check that
this iterative screening and projection approach successfully addresses the problems of all three examples

above. Formally, the algorithm is given by:

Algorithm 5 (Selection and Projection). The selection and projection based procedure for risk premium
estimation is as follows:

Inputs: R(l) = R, Ty =7, and G(l) =G, adxT vector.
S1. For k=1,2,... repeat the following steps using R(k), T(k), and @(k) :

a. Select an appropriate subset ./fk C [N].

b. Repeat S1. — S3. of Algorithm 1 with selected return matriz (R(k))[fk] and G(k). Denote the

estimates as X(k), TA/(k), ﬁ(k)7 %)-

c. Estimate the exposure of R(k) on ‘7(k) by E(k) = TflR(k)‘A/(L).

d. Obtain Risry = Ry = By Viry: Tesr) = Ty — By Ay ond Grsry = Gy — Ay Vi -
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S2. Stop at k = p, where p is chosen based on some proper stopping rule.

S8. Estimate the risk premium by %9130‘4 = 22:1 N0k V() -

Output: A5PCA, = @y, )T A= Ay AT V= (V- V)T and B = (B, -+, Bp))-
In Algorithm 5, we recover one factor and obtain its risk premium at each stage of S1. Both the factor
and its risk premium are estimated using a subset of rows in the stage-k return residual matrix R(k), within
which this factor is strong. We then project all observables onto this factor and proceed again with residuals.
Because each row of R(k—l—l) is orthogonal to 17(]-) for j < k, so similar to PCA, the factors we obtain are
orthogonal with each other.
Algorithm 5 yields a consistent estimator of v, as long as an appropriate choice of I;; and a stopping

rule are adopted. One possible choice for I, is:*

B = {7 | RG24}

where cék) is the (1 — g)th-quantile of {T‘l H(R(k))[ﬂ (_;Ek) HMAX} N (8)

Correspondingly, we set the stopping criterion as:

c((lk) < ¢, for some threshold c. (9)

In other words, we select test assets that have predictive power for at least one variable in g; and stop when
most test assets are uncorrelated with all variables in g;. With good tuning of g, the iteration stops as soon
as most of the rows of the projected residuals of returns appears uncorrelated with the projected residuals
of g+, which implies that all factors that are correlated with g; are successfully recovered.

To establish the consistency of this estimator, we need a subset of assets, indexed by Iy, such that within
this subset all factors are strong, that is, Amin(ﬁ[TIO]ﬁ[IO]) = Ny, where Ny = |Iy| — oo. Because the number
of factors, p, is finite, such a subset Iy always exists as long as for each factor we can locate a sufficiently
large subset within which this factor is strong. With this identification assumption, as well as moment

conditions given in the appendix, the following theorem establishes the consistency of the SPCA estimator:

Theorem 1. Suppose that test asset returns in ry follow (1), the factor proxzies in gy satisfy (4), and that
Assumptions A.1-A.8 hold. If log(NT)(N(f1 +T~1) — 0 then for any tuning parameters c and q that satisfy

c—0, ¢ YogNT)V2(q \V2N"V2 4 177Y2) 50, ¢N/Ny— 0,

we have %SPCA 25 0.

4Using covariance for screening allows us to replace all G’<k) in the definition of I and Algorithm 5 by G, that is, only the
projections of Ry and 7(xy are needed, because this replacement would not affect the covariance between Gy and R, and
in turn, the test assets after screening and the estimates of 7). We use this fact in the proofs, which simplifies the notation.
We can also use correlation screening instead of covariance in Iy. Despite this does not affect the asymptotic analysis, we find
correlation screening performs slightly better in finite samples.
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2.6 Asymptotic Inference on Risk Premia

In this section we develop the asymptotic distribution of the risk premium estimator from Algorithm 5.
Not surprisingly, the conditions in Theorem 1 do not guarantee that 7, converges to 7y at the desirable
rate T-Y2. The major obstacle lies in the recovery of factors, which we can explain with the previous
single-factor example.

Recall that we use the sample correlation/covariance between r; and g; to screen test assets. Even if
g; is independent with test assets, their sample correlation can be as large as T-1/2 logT. Therefore, the
threshold needs no smaller than 7/2. However, if n =< T~1/3, it suggests that g; is not too much different
from random noise, so its correlation with r; will likely not lead to any discovery of strong factors. Our
procedure will give a risk premium estimate of 0, which is certainly consistent, but the estimation error is

1/3 30 that the CLT fails. Generally speaking, this issue arises because of potential failure

of an order T~
to identify all factors in the DGP. Once all factors are identified, the central limit theorem holds regardless
of the magnitude of 1. So we need a stronger assumption that rules out cases like this, in order to insure
against a higher order omitted factor bias that impedes the CLT. It turns out that so long as n € RxP
satisfies Apin(1Tn) 2 1, we can rule out the possibility of missing factors. On the other hand, our algorithm
will not select more factors than needed, if we stop the iteration as soon as cgk) is sufficiently small. Of
course, in a finite sample, a perfect recovery of the factor space is a stretch, but the assumptions here are
substantially weaker than the pervasive factor assumption adopted in the literature. We provide the CLT

result below and investigate its finite sample behavior in Section 3.

Theorem 2. Under the same assumptions as Theorem 1, if we further have T12Ny — 0o, Assumption

A.9 and Amin(n™)) 2 1, then for any tuning parameters ¢ and q in (8) and (9) satisfying
c—0, ¢ '(logNT)/?(q7V2ANTV24T712) 50, gN/Nog—0, q 'NTY* =0,
the estimator constructed via Algorithm 5 satisfies
VT (F5PC4 — i) 4 N (0,9)
where ® is given by
O = TE X,y + 4TS, o™ + gl S,y + pllaenT,

and 1111, 1o, and Ilsy are specified by Assumption A.9.

We can adopt the same Newey-West-type estimator for ® as in Section 4.5 of Giglio and Xiu (2020),
since each component of ® can be estimated from the outputs of the SPCA algorithm. These estimates are

consistent up to some rotation matrices which will cancel each other and yield a consistent estimate of ®.

2.7 The Case of Observable Factors

The previous discussion does not assume the perfect knowledge of the factors v, in (1). If these factors were

known, say, the Fama-French five factors, our procedure can be greatly simplified. It is meaningful to study

17



this case, because it is most common in the empirical literature.

If all factors in v; are known and tradable, and that g; is part of them, then we can estimate the risk
premium of g; by simply taking its time-series average. If g; is either spanned by them or not tradable, then
a simple time series regression of g; onto the factors vy can recover its loading, n, which along with the risk
premia estimates of vy by their averages, give rise to the risk premium estimate of g. These scenarios are
simple, which do not require cross-sectional regressions.

If some of the factors are not tradable, say, GDP growth is part of v, then a cross-sectional regression
is necessary, which effectively constructs their mimicking portfolios. In this setting, a weak factor problem
potentially arises as documented in the literature, see, e.g., Kan and Zhang (1999), Kleibergen (2009). To
tackle this issue, one could adopt a simplified procedure in Algorithm 5, to supervise the construction of
mimicking portfolios for each of the observed non-tradable factors, while using residuals from the projection

of test asset returns onto tradable factors as new test assets.

2.8 Recovery of the Stochastic Discount Factor

The previous sections focus on estimating the risk premia. We have shown that in order to construct valid
asymptotic inference, we must recover all factors that drive the SDF. Once all these factors are recovered,
we can also reconstruct the SDF. More specifically, from the outputs of Algorithm 5, we can estimate the
SDF by:

ﬁLfPCA =1-7T0;, where v1,---,0r are the columns of V. (10)

Theorem 3. Suppose the same assumptions as in Theorem 2 hold. In addition, we have Assumption A.10.
Then the estimator (10) satisfies

T
LS |@ron —myf? 5, L 4 BN (1)

T ~rr No
t=1

There are a number of alternative approaches for SDF estimation proposed in the literature, e.g., the
shrinkage approach by Kozak et al. (2020) and the risk premia PCA by Lettau and Pelger (2020). In what
follows, we provide theoretical comparison of these estimators in the general weak factor framework.

Kozak et al. (2020) consider an SDF in the form of (3), whereas we represent it as in (2). Prior to the

asymptotic analysis of their estimator, we first establish the asymptotic equivalence of these two definitions:

Proposition 6. Suppose that test asset returns ry follows (1), and Assumption A.10 holds. Then as N — oo,

we have

1 1
~ 2

= g my —myl” Sp ——————.

1 =1 | ¢ t‘ P )\min(/BTﬁ)

Effectively, Proposition 6 proves that there is no ambiguity with respect to the definition of the estimand,

since the two estimands are asymptotically equivalent as long as Apin(875) — oo. Given that this exact

assumption is necessary for Theorem 3, and that Anin(875) < Ny, we can replace m; in the left-hand side
p Yy ) ) 1Y
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Kozak et al. (2020) suggest estimating the SDF by solving an optimization problem:

b= argmgn{(f—ibﬁi—l(f— Sh) —|—pu(b)}, (12)
with which the estimated pricing kernel is given by
My =1-—0bT(r, — 7). (13)

In the above, S is the sample covariance matrix of 7; and p,(b) is a penalty term through which economic
priors are imposed. Depending on the penalty function, we will denote the resulting estimator of m by
mfidge or masso,

The objective function in (12) appears to require the inverse of the sample covariance matrix i_l, which

is not well-defined when N > T'. Instead, we suggest optimizing an equivalent but different form of (12):
b= argmin {bTib _BTF TS + pu(b)} , (14)

which avoids the calculation of %!
The following result sheds light on the asymptotic properties of this estimator in the cases of p,(b) =
2 .
e |b]l; and p,(b) = p||b||”, respectively.

Theorem 4. We investigate two distinct scenarios.

(a) Suppose that vy is driven by p latent factors as in (1). With p,(b) = u||b||?, if (N +T)/(A\T) — 0
and Assumptions A.4-A.7, A.10-A.12 hold, we have

T
1 _ Rid 1 N+T
f2|mtz “—my? S, f‘*‘ﬁa
t=1 p
where \p is the p-th largest eigenvalue of BX,[T. Since A\p < Amin(B78), we can replace my in the

above equation by my.

(b) Suppose that the true SDF satisfies E(m?) < 1. With p,(b) = p||bll;, if Assumptions A.10, A.11 hold,

we have

1 & log N
7 2 = il® <y bl (15)
t=1

If, in addition, we assume that Amin(X) 2 1, and HbH(Q)log N/T — 0, then we have a stronger result

1 & log N
=3 ImE — Fuf? S, by o (16)
t=1

Interestingly, both Ridge and Lasso approaches deliver consistent estimates of the SDF, though under
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rather different sets of assumptions. First of all, the convergence rate of the Ridge approach depends critically
on the strength of the weakest factor. If condition (5) fails, then the SDF is not consistent. Furthermore,
this estimator may not converge in the regime that N/(\,T') — oo, which is precisely the issue caused by
weak factors which our SPCA estimator can tackle with.

Second, with respect to the estimator using the Lasso penalty, the explicit factor model assumption on
r¢ is replaced by the sparsity assumption on b. The latter assumption requires that the SDF is spanned by a
sparse linear combination of test assets, but place no explicit assumptions on the DGP of these test assets.
In this case, the Lasso estimator remains consistent, but converge at a rather slow rate, ||b||, \/log N/T as
shown in (15), so it is not as efficient as our SPCA estimator. Nonetheless, under a much stronger sparsity
assumption that Hng log N/T — 0, the Lasso estimator can achieve a comparable rate to that of the SPCA.
This stronger sparsity assumption effectively says that the set of true factors must be part of the test assets.
In contrast, our SPCA estimator allows for idiosyncratic components in any of the test assets, which is a
more acceptable assumption in practice.

The SPCA estimator given by equation (10) can also be rewritten in the form of (13), so that it can
yield an estimate of b in the definition of SDF given by equation (3). The reason is that v; is in fact a
linear combination of 7. Given that b is invariant to rotations of factors, we can use any rotation of vy to
reconstruct an estimate of b. We can exploit this invariance property to construct a convenient estimator
b. In fact, in S1.b of Algorithm 5, we can construct an N x p matrix B such that the kth column of B is

defined as: By, = S) and Bipepx = 0, where ¢ is the left singular vector of (R(k)) in Step S1.b. It

/ [Ix]

turns out the SPCA estimates of V can be written as a rotation of BTR, so to estimate b we can use BTR as
factors, denoted by, V7 whose risk premia and covariance are denoted by 7 and 3. Indeed, since the SDF is
me=1—3T(5,) "0 = 1 —3T(E,) 10 = 1 — 3T(E,) BT (1 — 7), it follows that the SPCA-based estimate
of b is given by

b=B(%,)"'5=TB(B'RR'B") ' BTF.

Similarly, we can construct estimates of b using PCA, PLS, and rpPCA. With b it is convenient to build

out-of-sample optimal portfolios, which we investigate in simulations and empirical studies.

3 Simulations

In this section, we study the finite sample performance of our SPCA procedure using Monte Carlo simu-
lations. We consider a 4-factor DGP as given by equation (1), where the first three factors are calibrated
to match the de-noised three Fama-French factors (RmRf, SMB, HML) as in Giglio and Xiu (2020), and
the last one is a potentially weak factor, denoted by V;. The risk premium and variance of V] are selected
such that this factor achieves a 0.35 annualized Sharpe ratio. The realizations of u; and z; are generated
independently from a Gaussian distribution with mean 0 and standard deviation o, and o, respectively.
We set o, = 0.56, and o, = 25,, where 512) denotes the average volatility of these 4 factors.

The loadings of RmRf are generated independently from N (1,1) and the loadings of SMB and HML are
generated independently from N(0,1). For the fourth factor, we simulate two cases of its loadings By, in
which the weak factor problem arises.

Case 1: We generate f3; 1, independently from a Gaussian mixture distribution, with probability a from
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N(0,1) and 1 —a from N(0,0.12). We use a = 0.1 in the simulations so that for most test assets their factor
loadings are very tiny.

Case 2: We simulate according to 8;v; = Bi mmr + €, where e;s are generated independently from the
same mixture Gaussian distribution as above. In this case, the loading matrices of the factor V; and HML
are very similar, which (almost) leads to a rank deficient factor loading matrix.

First of all, we study the behavior of the aforementioned risk premia estimators, including PCA, Ridge,
PLS and our SPCA, for some observable factor proxy vector g; that includes noisy versions of the four

factors in the DGP plus a useless factor Vo whose n = 0.

Panel A: A Single Weak Factor

SPCA PCA rpPCA PLS Lasso Ridge

T Param | True | Bias RMSE | Bias RMSE | Bias RMSE | Bias RMSE | Bias RMSE | Bias RMSE
RmRf 53.7 -0.2 41.4 -0.1 41.2 0.3 43.4 0.0 41.4 -16.6 26.8 -17.0 26.9

SMB 21.7 0.2 28.0 0.2 27.3 0.9 32.0 0.3 27.6 -7.6 16.4 -8.1 15.4

120 HML 25.4 -2.0 26.3 -2.8 25.9 -0.0 30.7 -2.3 26.2 -18.2 23.0 -17.4 22.4
Vi 80.0 | -18.5 26.4 -38.6 40.7 65.1 92.2 -29.9 33.5 -67.6 68.7 -72.7 73.3

\ %} 0.0 0.1 6.0 -0.0 4.7 -0.1 13.2 0.0 5.1 -0.1 2.8 -0.0 2.1

RmRf | 53.7 -0.3 29.3 -0.3 29.3 0.3 30.1 -0.2 29.3 -11.4 21.2 -11.5 20.8

SMB 21.7 -1.2 19.1 -1.1 19.0 -0.8 20.3 -1.1 19.1 -5.7 13.7 -6.5 13.6

240 HML 25.4 -1.1 18.3 -1.4 18.1 0.3 19.5 -1.1 18.2 -13.3 18.9 -12.4 18.8
Vi 80.0 | -13.8 19.0 -26.5 28.7 36.5 49.6 -19.0 22.5 -58.2 60.1 -66.1 67.6

Vo 0.0 0.1 4.0 0.1 3.5 0.2 6.5 0.1 3.8 0.0 2.4 0.0 2.0

RmRf | 53.7 0.1 23.4 0.1 23.4 0.6 23.7 0.1 23.4 -8.2 17.5 -8.6 17.1

SMB 21.7 -0.9 15.7 -0.8 15.6 -0.6 16.4 -0.8 15.7 -4.0 11.7 -4.9 11.8

360 HML 25.4 -0.0 14.5 -0.2 14.4 1.2 15.3 -0.0 14.5 -10.8 16.0 -9.8 16.2
\%1 80.0 | -11.5 15.9 -20.0 22.3 24.4 33.9 -13.8 17.3 -50.9 53.5 -60.4 62.5

Vo 0.0 0.1 3.3 0.0 3.0 0.1 4.7 0.1 3.2 0.1 2.4 0.0 1.8

Panel B: Two Strong Factors with Highly Correlated Loadings
RmRf 53.7 0.1 42.1 0.2 42.0 1.3 44.1 0.3 42.0 -10.9 30.6 -10.0 31.6
SMB 21.7 -0.3 26.6 -0.4 26.3 0.7 29.7 -0.4 26.6 -5.2 18.5 -5.4 17.7
120 HML 25.4 5.0 25.2 12.3 25.9 -14.8 60.2 9.8 25.5 5.6 19.0 8.3 18.9
Vi 80.0 -8.7 22.6 -17.4 25.1 14.3 54.7 -13.6 23.4 -46.9 49.6 -46.0 47.8

Vo 0.0 -0.3 6.4 -0.2 6.0 -0.5 13.2 -0.3 6.1 -0.2 4.3 -0.2 4.0

RmRf | 53.7 0.5 29.1 0.6 29.0 1.0 29.4 0.7 29.1 -6.1 24.1 -5.2 24.5

SMB 21.7 0.7 19.0 0.6 18.8 1.2 19.5 0.6 19.0 -2.5 15.1 -2.9 14.3

240 HML 25.4 3.4 19.0 8.2 19.6 -5.9 33.2 5.8 19.2 9.5 17.8 13.4 19.3
Vi 80.0 -5.5 15.3 -10.8 17.0 5.7 27.1 -7.8 15.7 -36.9 39.4 -37.9 39.3

Vo 0.0 -0.2 4.3 -0.1 4.2 -0.0 5.6 -0.1 4.2 -0.1 3.5 -0.1 3.2

RmRf | 53.7 0.7 23.3 0.7 23.2 1.0 23.4 0.8 23.2 -4.1 20.1 -3.6 20.3

SMB 21.7 0.2 15.7 0.1 15.6 0.4 16.0 0.2 15.7 -1.7 13.0 -2.2 12.5

360 HML 25.4 3.7 15.6 6.8 16.1 -1.9 20.4 4.9 15.8 10.2 16.6 14.8 18.8
\%1 80.0 -4.5 12.6 -7.9 13.7 2.2 17.6 -5.6 12.8 -32.0 34.0 -33.6 34.8

Vo 0.0 -0.1 3.6 -0.1 3.5 -0.1 4.0 -0.1 3.5 -0.0 3.0 -0.1 2.8

Table 1: Simulation Results for Risk Premia Estimators

Note: In this table, we report the bias (Column “Bias”) and the root-mean-square error (Column “RMSE”) of the risk
premia estimates using SPCA, PCA, rpPCA, Lasso, PLS, and Ridge approaches, respectively. The true data-generating
process has four factors, driven by RmRf, SMB, HML, and Vi, whereas we estimate the risk premia for noisy versions of these
four factors, as well as a useless noise factor V2. Their true risk premia are provided in Column “True.” We fix N = 1,000
while varying T' = 120, 240, and 360 in this experiment. Panel A reports result for the case of a single weak factor Vi, and
Panel B the case of two strong factors (HML and V;) with highly correlated exposures.

We report in Table 1 the bias and the RMSE (root-mean-square error) of the estimates. To construct

21



the SPCA, we use all factors in g; to supervise the procedure. The parameter ¢ and ¢ in SPCA are tuned by
cross-validation using the time series R? of the mimicking portfolios for g; as the criterion. This means that
the tuning parameters are selected such that in the validation sample, the mimicking portfolios are the best
for tradable proxies for g;. Except for SPCA, all the remaining methods use optimal yet infeasible tuning
parameters. Specifically, for PCA, PLS and rpPCA, we make use of the true number of factors, p = 4,
even though it is difficult to obtain a consistent estimator of p in the regime of weak factors. The tuning
parameter p of Ridge estimator is determined via maximum likelihood estimation (with perfect knowledge
of ¥, and E(r)). The five rows in each panel provide the results of risk premia estimation for the RmRf,
SMB, HML, the weak factor Vi, and the useless factor V5, respectively.

We find that our SPCA approach has smaller biases for the weak factors, whereas PCA, Ridge and PLS
estimates have substantial biases, which agrees with our theoretical analysis. Nonetheless, if the true risk
premium is small and Ny, T are not very large, PCA, Ridge and PLS can be better than SPCA in the sense
of RMSE since the variance term is the main portion of RMSE in that case.

We next investigate the finite sample performance of the inference result developed in Theorem 2. Figure
1 plots histograms of the standardized risk premia estimators using the estimated asymptotic standard
errors for SPCA and PCA, respectively, using the DGP in Case 2 as an example. The histograms of PCA
deviates from the standard normal distribution for HML and the weak factor. In contrast, the histograms

corresponding to the SPCA match the normal distribution well, which verifies our central limit results.
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Figure 1: Histogram of the Standardized Estimates in Simulations

Note: The left panels provide the histograms of the standardized SPCA estimates as in Algorithm 5 with asymptotic standard
errors given by Theorem 2, whereas the right panels provide those of the standardized PCA-based risk premia estimates as
in Algorithm 1. We simulate the models with N = 1,000 and T' = 240. The number of Monte Carlo repetitions is 1,000.

Finally, we study the finite sample behavior of the SDF estimators. We compare the performance of
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Panel A: A Single Weak Factor

SPCA PCA rpPCA PLS Lasso Ridge
T D MSE MSE MSE MSE MSE MSE
120 4.054 0.044 0.055 0.401 0.059 0.110 0.112
(0.278)  (0.028) | (0.030) (0.780) (0.029) (0.027) (0.028)
240 4.008 0.022 0.026 0.105 0.029 0.090 0.096
(0.089) (0.014) | (0.015) (0.118) (0.014) (0.022) (0.028)
360 4.004 0.014 0.016 0.052 0.018 0.084 0.084
(0.063)  (0.008) | (0.009) (0.049) (0.009) (0.031) (0.028)

Panel B: Two Strong Factors with Highly Correlated Loadings
120 4.038 0.039 0.039 0.531 0.040 0.078 0.055
(0.242)  (0.027) | (0.027) (1.460) (0.027) (0.025) (0.026)
240 4.003 0.019 0.019 0.109 0.020 0.061 0.040
(0.055)  (0.013) | (0.013) (0.350) (0.013) (0.017) (0.016)
360 4.012 0.013 0.013 0.042 0.014 0.056 0.034
(0.109)  (0.009) | (0.009) (0.136) (0.009) (0.030) (0.013)

Table 2: Simulation Results for SDF estimators

Note: In this table, we report the mean-squared errors (Column “MSE”) defined by & S°/_, | — fw|? for various SDF
estimates using SPCA, PCA, rpPCA, PLS, Lasso, and Ridge approaches, respectively. The reported MSEs are the sample
average over 1,000 Monte Carlo repetitions and their standard errors are reported in the brackets. We also report the mean
and standard deviation of the estimated number of factors p using the SPCA approach. The true data-generating process
has four factors, driven by RmRf, SMB, HML, and a weak factor V7, whereas we estimate the SDF using a vector of factor
proxies, g:, that includes noisy versions of the four factors, as well as a useless pure noise factor V2. We compare three
scenarios with 7" = 120, 240, and 360, where N = 1,000 is fixed. In Case 1, there is a single weak factor, Vi, whereas in Case
2 HML and Vi are highly correlated.

SPCA, PCA, rpPCA, Lasso and Ridge in the aforementioned two cases. We report in Table 2 the MSE of
the SDF estimators where the true SDF is defined by equation (3). The estimated number of factors from
our SPCA approach is also reported. We also report in Table 3 the out-of-sample Sharpe ratios of different
methods, given by bTE(r)/ \//I)\T?b\, where E(r) and ¥ are the true mean and covariance of all test assets and
b is the estimated SDF loading using each method. We find that in terms of the MSE, SPCA outperforms
all other methods, which agrees with our theoretical prediction, and that rpPCA is on par with SPCA, both
dominating PCA, Ridge, and Lasso when it comes to the out-of-sample Sharpe ratio. Last but not least,

SPCA produces a good estimator of p when T is large.
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Panel A: A Single Weak Factor

T SPCA PCA rpPCA PLS Lasso Ridge  Theoretical Value

120 0.326 0.279 0.331 0.278 0.207 0.187 0.385
(0.040)  (0.049) (0.050) (0.049) (0.052) (0.067)

240 0.358 0.341 0.361 0.340 0.252 0.231 0.385
(0.019) (0.026) (0.017)  (0.025) (0.039)  (0.065)

360 0.368 0.360 0.369 0.360 0.272 0.257 0.385
(0.012)  (0.015)  (0.009) (0.015) (0.041) (0.062)
Panel B: Two Strong Factors with Highly Correlated Loadings

120 0.357 0.347 0.335 0.346 0.285 0.319 0.393
(0.029) (0.030) (0.040)  (0.030) (0.037)  (0.043)

240 0.374 0.370 0.363 0.370 0.311 0.341 0.393
(0.015)  (0.015)  (0.026) (0.015) (0.024) (0.024)

360 0.380 0.378 0.375 0.378 0.323 0.350 0.393
(0.010) (0.011) (0.018) (0.011) (0.031) (0.018)

Table 3: Simulation Results for Out-of-Sample Sharpe Ratios of Optimal Portfolios

Note: In this table, we report the mean and standard deviation of the out-of-sample Sharpe ratios for various optimal
portfolios constructed by SPCA, PCA, rpPCA, PLS, Lasso, and Ridge approaches, respectively. The true data-generating
process has four factors, driven by RmRf, SMB, HML, and a weak factor Vi, whereas we estimate the SDF using a vector of
factor proxies, g+, that includes noisy versions of the four factors, as well as a useless noise factor V». The reported Sharpe
ratios are the sample average over 1,000 Monte Carlo repetitions and their standard errors are reported in the brackets.
Column “Theoretical Value” provides the benchmark Sharpe ratio calculated by bTE(r)/v/Y~1b using true parameter
values. We compare three scenarios with 7' = 120, 240, and 360, where N = 1,000 is fixed. In Case 1, there is a single weak
factor, V1, whereas in Case 2 HML and Vi are highly correlated.

4 Empirical Analysis

In this section we apply our SPCA methodology to estimate the risk premium of several factors, both
tradable and non-tradable, and we compare them with those obtained using alternative methodologies,
including the PCA-based method of Giglio and Xiu (2020), PLS, and rpPCA.

4.1 Data

Our main dataset is the Chen and Zimmermann (2020) data, that is composed of a large number of equity
portfolios sorted by characteristics. Specifically, we employ version 0.1.2 of the data. For each anomaly
considered, Chen and Zimmermann (2020) construct a variable number of portfolios (as many as used in the
original papers that introduced the anomaly in the literature: 2, 5, or 10). Not all test assets are available
for the entire time period; for our analysis, we study the time period 1976m3 to 2019m9, for which 772 test
portfolios are available. All of our results are at the monthly frequency.

We study the risk premium of both tradable and nontradable factors. Among the hundreds of possible
factors, we focus on a few representative ones to illustrate our methodology. The tradable factors are the
market (in excess of the risk-free rate), size (SMB), value (HML), profitability (RMW), investment (CMA),
momentum (MOM), betting-against-beta (BAB, from Frazzini and Pedersen (2014)), and quality-minus-
junk (QMJ, from Asness et al. (2013)). The nontradable factors are: the liquidity factor from Péstor and
Stambaugh (2003), the intermediary capital factor from He et al. (2017), AR(1) innovations in industrial
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production growth (IP), and VAR(1) innovations in the first three principal components of 279 macro-finance

variables from Ludvigson and Ng (2010).

4.2 Latent Factors in the Returns Data

We start by examining the factor structure of the panel of returns. This is important because the method-
ologies studied in this paper (with the exception of Lasso and Ridge) require taking a stand on the number
of factors. The plot of eigenvalues we present here will offer some guidance in choosing the baseline number
of latent factors.

Figure 2 plots the log of the first 15 eigenvalues. There appear to be at least three strong factors.
In addition, based on this figure, it appears that factors 4-10 might also be relevant, though weaker. In
discussing the empirical results, we will present all of the results under different choices for the number of
factors, p. Motivated by the scree plot, we will report results for p equal to 1, 3, 4, 5, 8, 11, and 13, therefore

showing the robustness of our results to a wide range of model dimensions.

196

Figure 2: Logarithm of the First 15 Eigenvalues in the Chen-Zimmerman data

Note: The figure plots the log of the first 15 eigenvalues of the data, obtained from Chen and Zimmermann (2020), covering
the period 1976-2019.

4.3 Estimation and Out-of-sample Evaluation

For our empirical analysis, we split the sample period into two equal-sized subsamples. The first half sample
is used for the estimation of the model and the selection of the tuning parameter ¢ (using cross-validation,

as explained below). The latter half sample is used for evaluation of the results, to guarantee an entirely
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out-of-sample evaluation. We slightly abuse the notation and call the first sample training sample (which is
also the validation sample), and the second half testing sample.

To estimate the risk premia, we proceed as follows. We first choose the number of factors p in the model
(from 1 to 13). In the training sample, we then run 3-fold cross-validation 100 times. In each cross-validation
run, the tuning parameter is chosen to maximize the time-series R? of the mimicking portfolio implied by
our procedure. This gives us 100 choices for the tuning parameter. We then select the median value across
those 100 as our choice of ¢. The risk-premium estimate is the one that corresponds to that chosen gq.

In addition to estimating the risk premium of the factor, our procedure also obtains (still in the training
sample) the portfolio weights for the mimicking-portfolio of the factor, based on the estimated factors. The
testing sample can then be used to evaluate how closely the mimicking portfolio is able to track the factor
out of sample. In what follows, therefore, we will report these two key numbers: the estimated risk premium

of the factor, and the out-of-sample R? of the factor using our model.

4.3.1 Out-of-sample R?

Table 4 shows the out-of-sample R? obtained by SPCA. Each panel corresponds to a different factor; each
row within a panel corresponds to a different choice for p. SPCA is the first column in each panel.

The table shows large heterogeneity in the OOS R? for different factors. For example, the market has
an R? of 89% even when using just one latent factor, which rises to 97% using 13 factors. This should not
be surprising: the market effectively corresponds to the first latent factor in the panel of returns; so even
with only 1 factor, SPCA’s first factor corresponds closely to it. Other tradable factors also display high
OO0OS R?, though not as high as the market. For example, the R%s for SMB and Momentum reach above
80%, and that for HML close to 70%.

On the other hand, many of the factors (especially nontradable ones) have effectively zero R?. This
indicates that these factors are not spanned by the large panel of test assets; they appear spurious (in
fact, out-of-sample R? are often negative, precisely because the factor that the procedure is aiming to fit is
effectively noise.). This is the case of the three LN factors, IP growth, and liquidity.

There is however an intermediate case, which is the focus of this paper: there are factors, both tradables
and nontradables, that are not clearly strong, in that their time-series R%s are significantly below 1, but at
the same time they are not spurious: the R? one can obtain is in the range .3-.6. These are likely weak
factors, whose risk premium our procedure helps estimate. These weak factors include both tradables (like
RMW, CMA and BAB) and nontradables (like the intermediary factor of He et al. (2017)).

There are two things worth reemphasizing here. First, strength of a factor is not really a discrete
statement, but rather there is a continuum of strength from spurious to strong. Weak factors as the set
of factors whose strength falls somewhere in between the two extremes; but an exact categorization of the
factors in strong or weak is not important for practical purposes, since our methodology recovers the correct
risk premium for all levels of strengths. Second, strength and weakness of factors are not inherent properties
of the factors; they simply reflect how pervasive a factor is in the chosen cross-section of test assets.

Figure 3 reports the time-series R? information in graphical form, for all 14 factors (using 3 to 13 latent
factors with SPCA). The distinction between strong factors (at the top), weak factors (in the middle) and

spurious factors (at the bottom) appears quite clear from this figure.
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Market SMB HML

# factors SPCA PCA PLS rpPCA SPCA PCA PLS 1pPCA SPCA PCA PLS rpPCA
1 0.89 0.76 0.77 0.76 0.37 0.33 0.34 0.33 -0.01 -0.07  -0.07 -0.07
3 0.95 0.88 0.92 0.87 0.81 0.41 0.77 0.30 0.64 0.47 0.59 -0.02
4 0.96 0.90 0.97 0.87 0.75 0.50 0.78 0.43 0.73 0.50 0.68 0.58
5 0.95 0.89 0.97 0.89 0.82 0.51 0.84 0.48 0.70 0.53 0.67 0.59
8 0.96 0.95 0.98 0.94 0.86 0.63 0.85 0.64 0.64 0.64 0.67 0.61
11 0.97 0.96 0.98 0.96 0.86 0.76 0.85 0.79 0.67 0.66 0.59 0.64
13 0.97 0.96 0.98 0.96 0.85 0.80 0.84 0.82 0.66 0.65 0.59 0.67

Momentum CMA RMW

# factors SPCA PCA PLS rpPCA SPCA PCA PLS rpPCA SPCA PCA PLS rpPCA
1 -0.12 -0.09 -0.10 -0.09 0.12 0.05 0.06 0.05 0.14 0.07 0.10 0.07
3 0.75 -0.04 0.79 0.05 0.41 0.35 0.40 0.25 0.40 0.05 0.35 0.30
4 0.76 0.01 0.77 0.57 0.47 0.36 0.46 0.37 0.68 0.11 0.68 0.18
5 0.81 0.50 0.83 0.57 0.45 0.33 0.49 0.37 0.65 0.24 0.64 0.21
8 0.82 0.77 0.83 0.69 0.43 0.42 0.21 0.42 0.68 0.23 0.69 0.24
11 0.81 0.80 0.83 0.80 0.52 0.47 0.09 0.45 0.65 0.48 0.72 0.33
13 0.84 0.79 0.81 0.79 0.52 0.48 0.07 0.50 0.69 0.51 0.71 0.54

BAB QMJ Liquidity

# factors SPCA PCA PLS rpPCA SPCA PCA PLS rpPCA SPCA PCA PLS rpPCA
1 -0.34  -0.25 -0.26 -0.25 0.51 0.43 0.44 0.43 0.02 0.02 0.02 0.02
3 0.45 0.17 0.47 0.41 0.81 0.44 0.72 0.61 -0.06 0.02 -0.12 0.00
4 0.62 0.20 0.67 0.40 0.81 0.49 0.80 0.63 -0.05 0.02  -0.07 0.01
5 0.41 0.54 0.48 0.41 0.77 0.55 0.73 0.65 -0.03 0.01 -0.16 0.01
8 0.53 0.53 0.72 0.55 0.73 0.71 0.77 0.70 -0.05 -0.02  -0.39 -0.01
11 0.50 0.50 0.75 0.55 0.74 0.75 0.75 0.70 -0.05 -0.01 -0.51 0.00
13 0.54 0.36 0.76 0.33 0.73 0.71 0.71 0.72 -0.03 -0.01  -0.69 0.02

LN1 LN2 LN3

# factors SPCA PCA PLS rpPCA SPCA PCA PLS 1pPCA SPCA PCA PLS rpPCA
1 0.00 0.00 -0.01 0.00 -0.04 -0.03 -0.03 -0.03 0.04 0.02 0.03 0.02
3 -0.43 -0.28 -0.41 -0.12 -0.01 -0.01 -0.16 0.00 0.05 0.05 0.06 0.05
4 -0.39 -0.25  -0.57 -0.29 -0.01 -0.01  -0.15 -0.01 0.06 0.06 0.03 0.05
5 -0.21 -0.19 -0.33 -0.27 -0.01 0.00 -0.28 -0.01 0.05 0.06 -0.04 0.06
8 -0.22 -0.18  -0.95 -0.17 -0.01 -0.01  -0.44 0.01 0.06 0.06 -0.19 0.06
11 -0.26 -0.22  -1.78 -0.22 -0.01 -0.01  -0.50 -0.01 0.06 0.06 -0.29 0.07
13 -0.11 -0.11  -1.84 -0.10 -0.01 -0.01  -0.56 -0.02 0.06 0.06 -0.36 0.07

Intermediary IP growth

# factors SPCA PCA PLS rpPCA SPCA PCA PLS rpPCA
1 0.48 0.38 0.39 0.38 0.01 0.01 0.01 0.01
3 0.59 0.45 0.51 0.39 -0.03 -0.02 -0.16 -0.02
4 0.52 0.47 0.56 0.47 -0.03 -0.02 -0.24 -0.02
5 0.58 0.52 0.51 0.48 0.00 0.00 -0.31 -0.02
8 0.56 0.56 0.47 0.55 -0.01 -0.01  -0.89 0.00
11 0.53 0.55 0.36 0.55 -0.02 -0.02  -1.09 -0.02
13 0.56 0.56 0.37 0.55 -0.03 -0.02 -1.18 -0.01

Table 4: Out-of-sample R?
Note: In this table, we report the out-of-sample time-series R? achieved with different methods (SPCA, PCA, PLS, rpPCA).

Each panel corresponds to a different factor. Rows correspond to a different choice for the number of factors p. Sample is
the Chen-Zimmerman data for the period 1976-2019.
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Market SMB HML
#factors SPCA PCA PLS mpPCA LA S gpan poa pLs mppea SPCA S gpen poa pLs mppea SPCA Std:
(many) err (many) err. (many) err.
1 79 66 66 69 75 26 28 29 29 30 25 9 -20 -18 -18 -19 -21 9
3 87 81 96 117 84 26 12 10 -3 -32 -1 16 43 33 23 154 54 16
4 85 79 88 105 64 26 25 14 12 14 50 17 13 33 -14 =37 28 16
5 93 85 90 111 88 26 18 16 6 3 15 17 16 29 4 -36 57 16
8 80 108 68 127 94 26 33 -21 28 -48 -1 18 37 -10 39 -36 32 18
11 71 97 66 69 83 26 48 -4 32 42 26 18 5 -12 49 -4 7 19
13 68 99 63 66 70 26 47 -5 34 35 47 17 38 -9 62 20 14 20
Avgret 72 19 10
Momentum CMA RMW
4 factors SPCA PCA PLS mppCA SLCA St gpon poa prs mppea SPCA S qpox poa pLs mppea SPCA - Std
(many) err. (many) err. (many) err.
1 13 8 9 9 10 6 -12 -11 -11 -12 -13 5 -5 -3 -4 -3 -1 2
3 97 -10 94 108 -19 14 28 16 18 98 27 9 10 -6 27 21 -11 6
4 129 -8 140 374 78 15 15 16 8 13 20 9 34 -5 55 81 4 7
5 125 72 130 371 100 20 26 19 12 15 37 9 22 6 79 0 8
8 110 153 5 298 114 21 -10 13 32 13 32 11 29 31 22 76 16 8
11 95 146 85 89 139 23 10 0 38 12 22 13 28 44 30 48 24 9
13 113 144 87 74 115 23 18 -2 49 30 7 15 35 44 19 23 26 11
Avg ret 86 27 37
BAB QMJ Liquidity
# factors SPCA PCA PLS mppCA SLCA S gpon poa prs ppea SPCA S qpoa poa pLs ppea SPCA St
(many) err. (many) err. (many) err.
1 23 15 17 16 12 5 -14 -15 -15 -16 -13 5 42 34 34 36 36 14
3 105 59 96 254 69 15 25 -17 28 22 -25 8 84 58 84 133 56 23
4 109 60 119 202 92 18 36 -16 50 90 -5 8 96 58 39 87 85 27
5 103 93 113 200 116 18 22 -10 38 87 -14 9 84 76 -32 85 82 31
8 94 92 113 133 119 20 41 34 12 92 17 9 75 77 -131 14 92 35
11 116 84 102 147 114 22 38 35 24 68 17 10 96 44 -123 8 85 40
13 123 94 112 164 118 21 30 41 9 45 16 11 43 52 -162 -3 78 32
Avg ret 125 41
LN1 LIN2 LN3
#factors SPCA PCA PLS mpPCA LA S gpan poa pLs mppea SPCA S gpen poa pLs mppea SPCA Std:
(many) err. (many) err. (many) err.
1 11 11 29 12 28 31 45 27 31 29 41 28 30 24 25 25 16 20
3 208 169 202 443 238 84 102 106 200 292 96 59 19 19 -183 -98 55 42
4 220 154 -63 -160 32 100 108 109 80 75 118 70 12 12 -289 -245 4 68
5 17 46 199 -119 159 102 99 84 248 66 93 84 47 39 -62 -224 46 70
8 182 110 716 196 213 143 65 -3 -93 88 19 97 -215 -94 -40 -374 -40 90
11 59 49 842 -352 -34 171 112 114 -309 351 83 105 -259 -226 141 13 -68 93
13 50 53 937 115 -199 259 113 118  -378 293 253 115 -230  -215 46 32 =75 138
Intermediary IP growth
#factors SPCA PCA PLS mpPCA SLCA S gpapn poa pLs mppea SPCA Std
(many) err (many) err.
1 90 72 73 76 85 31 0 0 0 0 0 0
3 122 122 136 244 143 35 -1 -1 -3 -4 -2 1
4 88 121 116 96 73 39 -1 -1 -2 -1 -1 1
5 136 90 164 98 116 40 0 -1 -4 -1 -1 1
8 207 137 23 210 144 42 -2 -2 -10 -4 -3 2
11 171 148 32 113 113 44 -2 -2 -12 1 0 2
13 179 170 61 127 99 51 -2 -2 -15 -2 -1 3

Table 5: Risk Premium

Note: In this table, we report the risk premium in bp estimated using different methods (SPCA, PCA, PLS, rpPCA).
The last two columns report the SPCA estimate using all 14 factors jointly as well as the standard error estimates. Each
panel corresponds to a different factor. Rows correspond to a different choice for the number of factors p. Sample is the
Chen-Zimmerman data for the period 1976-2019.
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Figure 3: Out-of-sample R?s of Different Factors
Note: The figure plots the time-series out of sample R? for 14 different factors, using SPCA. The number of latent factors

extracted with SPCA is reported in the x axis. The data is the panel from Chen and Zimmermann (2020), covering the
period 1976-2019.
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4.3.2 Risk Premia Estimates and Asset Selection

Table 5 reports (in the first column of each panel) the estimated risk premium of the factors, for each choice
of p. While naturally the estimates vary somewhat with the number of factors p, they are broadly stable
when p is greater than 1. The table also reports for comparison the average return of the factor in the
training and testing samples, for tradable factors.

Ideally, for tradable factors the point estimate using SPCA should be close to the average realized return
of the factor; therefore, the comparison between the two reveals how well SPCA can estimate this risk
premium.

Given that SPCA selects assets that have sufficiently high correlation with the factor, one may wonder
whether we should expect SPCA to perfectly recover the risk premium of the tradable factor; just like a
standard mimicking portfolio estimate should perfectly mimic the tradable factor if the tradable factor itself
is among the test assets. The reason why this is not necessarily the case here, so that the risk premium may
differ from the average realized return and the R? may be less than 100%, is that SPCA is not simply trying
to find the best mimicking portfolio for the factor. Rather, it is imposing the assumed factor structure,
and using it to recover the latent factors that drive the SDF (or at least the part that is relevant for the
factor of interest), using them to estimate the factor risk premium. This has two advantages. For tradable
factors, it allows to account for potential measurement error in the factor; for example, if the tradable
factor is exposed to a true latent risk factor but also contains undiversified idiosyncratic risk, standard
mimicking portfolio regressions would not yield efficient estimates of the risk premium (because they would
“mimick” the entire portfolio, including the undiversified risk). SPCA instead aims to extract only the part
of the observable factor that, according to the model, relates to the fundamental factors driving returns.
For nontradable factors, a mimicking portfolio approach would be inefficient or even infeasible (as in our
empirical application) as the number of assets is greater than the available time series.

Each of the estimates in column (1) of these panels reports the risk premia of each factor estimated
individually. While this provides a consistent estimate of the risk premium (as discussed in Section 2.5), it
does not allow us to do inference, because of the possibility of omitted weak factors. Under the assumption
that all relevant weak latent factors can be captured when considering all 14 observable factors only (that
is, that for each weak latent factor in the panel of returns, there is at least one of the 14 observable factors
that loads on it), we can then also do inference. Columns (5) and (6) report the risk premia estimates and
standard errors obtained using all factors simultaneously.

Table 5 shows that for tradable factors, the estimated risk premia are close to the realized average returns
of the factors, both statistically and economically, and the results are robust to the choice of p.

To gain a better understanding of how SPCA works, it is useful to look into the specific assets that
are selected to build the latent factors. We consider three factors for illustration purposes: one strong
(momentum), one weak tradable factor (RMW), and the intermediary capital factor, a weak nontradable
factor.

To estimate the risk premium for momentum, SPCA chooses ¢/N = 100 assets to build each latent factor.
For the first latent factor, the assets selected have correlation with momentum as high as .37, and a large

fraction of them relate to different versions of momentum (specifically, the long portfolios that enter the
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momentum factor).” The second latent factor is built by considering the correlation between the part of
momentum not explained by the first factor and the residuals of the returns. Interestingly, these correlations
are even higher, and are as high as .75 in absolute value. To build the second factor, SPCA picks assets
on the short side of the momentum strategies.® This simple analysis shows how SPCA is able to zoom
immediately into portfolios that are relevant to explain the time variation in the Momentum factor. The
out-of-sample time-series R? of the factor using SPCA is 75% even when using only 3 factors.

RMW is a profitability portfolio. It should therefore not be a surprise that the first factor selected by
SPCA combines returns of portfolios sorted by various accounting variables, like ROA, EPS, and book equity
(though also other variables are selected, like volatility); further factors add more accounting information.

For the case of intermediary capital, the assets selected by SPCA are portfolios with high idiosyncratic
volatility and low size for the first two factors (with correlations with the factor as high as .8), whereas the
further factors include sorts by leverage and profitability.

From all these results, it is clear that SPCA does not simply choose to build the first factor as the
market; rather it selects assets that capture relevant information for estimating the risk premium of the

factor of interest.

4.3.3 Comparison with Other Estimators

We now compare the results obtained using SPCA with those obtained using alternative estimators, namely:
the PCA-based estimator as in Giglio and Xiu (2020), a PLS version of this estimator, and rpPCA motivated
from the SDF estimator by Lettau and Pelger (2020). In both Table 4 and Table 5, the risk premia and
out-of-sample R? are reported in each panel in columns (2) to (4).

Starting from the OOS R? (Table 4), several patterns emerge. First, for strong factors (e.g., the market),
all estimators perform very similarly, irrespective of p. For completely spurious factors (e.g., IP growth),
all methods work as expected (with zero or negative R?). Negative out-of-sample R?s for what are clearly
spurious factors arise from overfitting, something that all methodologies appear equally subject to.

More interesting are the cases with the intermediate factors. There are two main patterns to note. First,
SPCA often obtains a high R? with significantly fewer factors than the alternative methods. For example,
in the case of momentum, SPCA achieves a 75% R? with 3 factors only, whereas standard PCA approach
requires 8 factors to get to the same R2, and rpPCA 11 factors (PLS behaves similarly to SPCA in this
case, but as we will see later, it is less robust in general).

The second pattern is that for all other factors, where R? of the order 20%-60% are achieved, SPCA
does as well or better than all other methodologies very consistently, and in a way that is most robust
to the choice of p. Specifically, PLS has the highest variability, obtaining in a few cases very good out-of-
sample performance (e.g., for BAB), but in many cases performing disastrously (e.g., dramatically overfitting
spurious factors). PCA does almost as well as SPCA in most cases, but its performance depends more

strongly on the choice of p (and for given p, its performance is still typically below that of SPCA). rpPCA also

®Specifically, the list of the top 10 assets by correlation is: Mom12m05, FirmAgeMom0, IntMom05, retMomVol05, MomVol04,
FirmAgeMom04, ResidualMomentum11mO05, Mom12m04, High5205, RIO_BMO01, where the name of the sorting characteristic
follows Chen and Zimmermann (2020), and the last two digit indicate the number of the portfolio.

5Specifically, the list of the top 10 assets by correlation is: ResidualMomentum11m01, Mom12m02, MomVol01, DownFore-
cast01, UpForecast01, Mom6m02, ResidualMomentum6mO01, IntMom02, sfe01, MomSeasAlt1n02.
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performs almost as well as SPCA, but underperforms for some of the weak factors, sometimes significantly
(e.g. for RMW).

These similarities and differences across estimators are visible also when comparing risk premia (Table
5). In those cases where the estimators achieve similar out-of-sample R?, the risk premia estimates are
also close; but in several interesting cases, the risk-premia estimates differ significantly. For example, for
the intermediary capital factor, SPCA tends to show a significantly higher risk premium than the other
methodologies.

Overall, the empirical results show that all these methodologies perform relatively similarly in capturing
the time variation and risk premium of both tradable and nontradable factors: especially so for strong
factors, much less so for weak factors. SPCA shows two advantages: first, it consistently performs as well or
better than all other estimators, across all factor strengths. Second, it does so in a way that appears very
robust to the choice of factors p, much more so than the other methods. Its flexibility allows it to handle

well all ranges of factor strengths.

5 Conclusions

The choice of test assets plays a fundamental role in empirical asset pricing tests. The recent explosion of
anomaly discoveries and related characteristics in the empirical literature has provided researchers with a
large universe of potential test assets to choose from. On the one hand, the availability of so many different
characteristics gives us hope that the returns of these portfolios can help us uncover and identify the pricing
of various dimensions of risk, including those that are not well captured by standard cross-sections. On
the other hand, the large dimensionality goes hand in hand with the weak factor issue: a factor may well
be captured by some assets within the large cross-section, but if most assets do not have exposure to that
factor, it will be weak and inference will be incorrect.

Traditional methodologies to estimate risk premia take the cross-section of assets as given. In this paper,
we present a new methodology, SPCA, that instead actively selects assets in order to estimate risk premia of
factors of interest, whether they are strong or weak, and at the same time addresses the issue of potentially
omitted factors, again regardless of whether they are strong or weak.

In the paper, we propose some empirical applications of SPCA, and compare its performance to alter-
native methodologies to estimate the SDF and risk premia. While the road to a full understanding of risk
and risk premia in financial markets is still long, we believe that properly selecting the cross-section of test

portfolios and addressing weak and strong omitted factors are important steps in this direction.
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Appendix

A Model Assumptions

To derive the asymptotic properties of the SPCA and alternative estimators, we need the following high-
level assumptions, which can be easily verified by standard and more primitive assumptions. We start with

assumptions that characterize the DGP of returns and factor proxies.

Assumption A.1. The factor innovation V satisfies:
loll Sp 772, |IT7WVVT =S S T2 [VIax Sp Vieg T,

where ¥, € RP*P is a positive-definite matriz with Ay (3,) 2 1 and A\ (3,) S 1.

Assumption A.2. The residual innovation Z satisfies:
12l Sp T2 |T7'227 = 2] Sp T2 (1 Zliax Sp V0og T
where X, € R¥™? is a positive-definite matriz with Mg (X.) > 1 and M\ (.) < 1. In addition,
|zvT) < TV

Assumptions A.1 and A.2 impose rather weak conditions on the time series behavior of the factors and
measurement error. Since vy and z; have a finite cross-sectional dimension, both assumptions hold if these

processes are stationary, strong mixing, and satisfy some moment conditions.

Assumption A.3. The factor loading matriz 3 satisfies

HBHMAX S 17 )\p(/BE—[O]ﬁ[IQ]) 2 N07

for some index set Iy, where Ny = |Ip|.

Assumption A.3 implies that there exists a subset of test assets, within which all latent factors are strong.
Because the number of factors is finite, requiring all factors to be strong within a common index set I is
equivalent to requiring each factor to be strong in its own index set. One direction of the equivalence is
trivial. To prove the other direction, suppose that for factor i, there exists an index set, I;, in which this
factor is strong, that is, Al(ﬁ&i]ﬂ[m) 2 |I;]. Then we can find k* := ming |Ix|, and build up Iy from Iy~ (so
that [Iy| > |Ix+|) by adding randomly selected |Ij+| number of assets from each I;,j = 1,2,...,p,j # k*.
The resulting index set Iy contains at most p X |I«| number of test assets, barring from repeated counts.
We thereby construct a common index set such that all factors are strong within this set.

Next, we need the following moment conditions.

Assumption A.4. The idiosyncratic component U satisfies:
U llviax Sp (o T)? + (log N)'2, - allyax Sp T2 (log N)'2.
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In addition, for any non-random subset I C [N],
[Vnll S5 112+ 72, g S, 41T

Assumption A.4 imposes restrictions on the time-series dependence and heteroskedasticity of us. The
first two inequalities are results of some large deviation theorem, see, e.g., Fan et al. (2011). The last
inequality can be shown by random matrix theory, see Bai and Silverstein (2009), if u; is i.i.d. both in time

and in the cross section.

Assumption A.5. For any non-random subset I C [N], the factor loading Bin and the idiosyncratic error

Ui satisfy the following conditions:

(4) H(ﬂ&]ﬁm)*mﬂ&]Uu}H S T2

(”) H(B[T[]/B[I])_IMB[T[}U[I]LTH S,p T1/2-

If B[Tl]ﬂm 1s singular, we need replace the matriz inverse above by the Moore-Penrose inverse.

Assumption A.6. The following conditions hold for U, V, B, and any non-random subset I C [N]:

(@) VT < 12TV, U0V |y Sp (Qog N)Y2THE,
)| @lnpun 2oV 5 T

Assumption A.7. The following conditions hold for U, Z, /3, and any non-random subset I C [N]:

(@) N2z Sp 12T, (U Z7 || yax Sp (log N)Y2TH2,

HMAX
(i) ™20 27| 5 T

Assumptions A.5 - A.7 resemble Assumptions A.7, A.9, and A.10 of Giglio and Xiu (2020), except that
here we impose their stronger versions which hold for any non-random subset I C [N]. Of course, these two
sets of assumptions are equivalent if u; is identically distributed along the cross sectional dimension.

In the main text, we denote the selected subsets in the SPCA procedure as fk, k=1,2,.... Wenow define
their population counterparts. For simplicity, we consider the case ¥, = I, here. In general case, replace 3
and 7 by g = BZ}/Q and 77/ = 77211,/2 in the following definiiton. In detail, we start with agl) = HB[ﬂnTHMAX
and define I := {agl) > cg\),}, where cg\), is the (¢/V)th largest value in {a(l)}i:1 e Then, we denote

7
the largest right singular vector of f(1) := Bz,) by b1. For k > 1, we obtain al(k) = Hﬁ[i] Hj<k Mbj??THMAX7
Iy = {al(-k) > c((lljc\),} and by is the largest right singular vector of B = By Hj<k: M. This procedure
is stopped at step p (for some p not necessarily equal to p) if cg\;r b < c. In a nutshell, Iy’s are what
we will select if we do SPCA directly on 8 € RV*P and n € R¥*P_ while I},’s are obtained by SPCA on
R e RVXT and G € R¥T. We need the following assumption to guarantee the selection consistency, that
is, P(fk =1Ix) = 1forany 1 <k < p.

(%)

Assumption A.8. We assume that By, a; " and c in the above procedure satisfy:
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(i) o1(Bw)) and o2(B)) are distinct in the sense that there exists a constant § > 0 such that
o2(Bry) < (1+6)""o1(By)-
(ii) cg]j\), and c(g’;\),ﬂ are distinct in the sense that there exists a constant 6 > 0 such that
o < (L4 6) ey,

where c((ﬁ\), and cl(;j\),H are the (¢N)th and (¢N + 1)th largest value in {agk)}izl v respectively.

goooy

(i11) cg‘?\f Y and ¢ are distinct in the sense that there exists a constant § > 0 such that
B < (1+68) e
Assumption A.8 requires that these singular values are distinguishable, so that their (relative) differences

will not vanish asymptotically. This assumption is rather mild, despite not being very explicit.

Assumption A.9. As T — oo, the following joint central limit theorem holds:

T1/2 T~ 'vec(VZT) RNV 0 Iy Iy
v 0) \I, /)’

where 111, Iy9, Iloo are dp X dp, dp X p, and p X p matrices, respectively, defined as:
H11 = lim lE (VZTZVT)
T—o0 T’ ’
1
[l = lim —E(VZTLVT
v = i g VY,

My = lim. %E (VepdhvVTy.
Assumption A.9 characterizes the joint asymptotic distribution of ZV'T and Vip. Since the dimensions
of these random processes are finite, this CLT is a fairly standard result of a central limit theory for mixing
processes.
Blow we introduce assumptions needed for the SDF estimation. Assumption A.10 ensures that the SDF
concept is well defined. Assumption A.11 again can be shown by some large deviation result and certain

central limit theorem.

Assumption A.10. Suppose that v; and us are stationary time series independent of 3, and that ¥, =
Cov(ve) and Xy = Cov(ut) satisfy Amin(Xy) 2 1 and Amax(E4) S 1. Consequently, ¥ = Cov(r:) = 02,87 +
Y-

Assumption A.11. The time series vy and the SDF defined by my = 1 — bT(ry — E(r)) with b = S~ 1E(r;)
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satisfy:

<, (log N)/2=1/2,
MAX

— Tt mt) — COV(T’t, mt)

<p (log N)Y2p=1/2,
MAX

5 T—1/2

<, (log N)V2=1/2,

T
T
T
Z 7t — T¢)(re — 7¢)T — Cov(ry)
i
) me
o
T

MAX

Finally, we need the following assumption for establishing the convergence of the ridge-based SDF esti-
mator. It ensures that all eigenvalues of 8%,87 are well separated. This assumption shares the spirit with

Assumption A.8. A similar assumption has been adopted by, e.g., Wang and Fan (2017).

Assumption A.12. The eigenvalues of 83,87 are separated in the sense that
(A = Ajr1)/Aj = 6

for some constant § > 0, where \;j := X\;(BX,87) is the jth eigenvalue of S¥,07.

B Mathematical Proofs

B.1 Proof of Proposition 1

Proof. Note that for any orthogonal matrix I' € RY*N the estimators based on PCA, PLS and Ridge
on R = 'R are the same as those based on R. Thus, without loss of generality, we can assume (3 =
(AY2,0,---,0)T, where X = || /BHQ. The same simplifying assumption is adopted in the proofs of Propositions
1, 2, and 3. Also, since z; =0, G = nV.

We start with ﬁf €A We write R in the following form:

(B.1)

where Uj is the first row of U and U, contains the remaining rows. Correspondingly, we write the largest
left singular vector of R as ¢ = (1, 63)T, where ¢ is the first element of ¢ and ¢ is a vector of the remaining
N —1 entries of ¢. Recall that in Algorithm 1, we denote £ and ¢ as the largest right and left singular vectors
of R with the singular value \/ﬁ, so that by simple algebra we have

(VAV + U1)¢ - U2E
VTa X

1= (B.2)
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Since the entries of U and V are i.i.d N(0,1), we have
TV =1 = [TV (Ip — Tl )V = 1| < |T7VVT =1 + [0 S, T2,

where we use large deviation results |T-'VVT — 1‘ <, T2 and |5| <p T~/? in the last equation. This
equation also implies that H‘_/H —T Sp L.

Similarly, we can get |T~'U,U] — 1] <, T2 and 01| = VT <p 1

In addition, by Lemma A.1 in Wang and Fan (2017), we have HN_lUTU — ]ITH Sp W, which leads

to
|INT'OTO — (I — T e[| = ||(Ir = T el ) (NTIUTU = Ip) (I — T~ o) Sp /TN

Next, by direct calculation using the above inequalities we obtain

AL T T D
Together with (B.1), we have
RTR VWV  N(Ip—T ] 1
_ _ (Ir Lriy) <p —— (B.3)
TA T D) v

Because of this result, to study the eigenstructure of RTR/(T\), we need analyze the eigenstructure of

VW N(Up—T hpd) VIV - g
= D) =7 + B(Ir =T vrey),

where B = N /(TA) and the assumption of the proposition implies that B — B for a constant B.
Note that Vg = 0, the eigenvalues of M can be explicitly given by:

T-'WVT+B i=1;
Ai=<B 2<i<T—1;, (B.4)
0

and the first eigenvector is VT/ ||VT||. Since the largest eigenvalue of RTR/(TA) is X/ with its corresponding
eigenvector £, Weyl’s theorem yields that

X VYT 1 . 1 1
3= +B+0p<>:1+3+0p<+>, (B.5)

and the sin-theta theorem in Davis and Kahan (1970) implies that

1 1
[Py —Pell = [[VT(VVT)TV — &€ <, 7 (B.6)
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which implies that (VV)~1(VE)? = ETVT(VV)"IVE = 14+0,(A\" /24T~ 1/2). Together with T~V VT - 1|
T2 we have

o (G )

It is easy to observe that the sign of & plays no role in the estimator 'yP CA we can choose ¢ such that

(B.7)

fre0 (e )

Recall that the risk premium estimator is 77¢4 = 777, where

7’7\—\(/;; and ¥ = i;% (B.9)
Using G = nV and (B.8), we have
n=n+0, <1 > (B.10)
A TVT
Write

5= TF TR +0) | Ta - Va

N S U U SR

_
=, (B.11)
v

where we use 3 = (ﬁ, 0,...,0)7T in the last step. Now we analyze the two terms on the right hand side of
(B.11) one by one. For the first term, using (B.2), we have

Using (B.5) and (B.8) and HUlH <p VT, it follows that

\F§1 1 1 1
ﬁ_1+é+0p(ﬁ+ﬁ>'

(B.12)
For the second term in (B.11), using (B.2) again, we can write
T Uy <2U2LT _ aUur N ET(Ir — LTLT)UTU2LT (B.13)
Ao 1A 1A TVA T3/2)

The condition that entries of U are independent A/(0, 1) implies that |Uyer|| <, VT, with AN 14 B
as shown in (B.5), the first term in (B.13) is of order O,(

1/2X\=1/2)_ For the second term in (B.13), using
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(N = 1)7*UJU; = Ip|| Sp /T/N, we have

fT(HT — TﬁleLr})UQTUQLT

N -1
— +
T3/2)\

R
1
N (R

< —1)ET(Ip — LTL;)LT
T3/2)

which leads to ’X‘l/QgTﬂ’ <p A"Y/2. Plugging this and (B.12) into (B.11), we obtain

<7 ¥ ( 1 1 >
- 2 — 4+ 0 —+ —=, B.14
AT\ BT (B.14)
and thus 7764 25 (1 + B)~'yy by (B.10), (B.14) and B — B. O

B.2 Proof of Proposition 2

Proof. Recall that in Section 2.3.2, we have
APLS = ||GRTR|| *GRTRGTGRTT. (B.15)

We analyze HG’RTRH, GRTRGT and GRT7 separately. Recall that from (B.3), we have

TA T

RTR VTV -
‘ RE_VV — B(ly — T )

Sp i?
VA

where B = N/(T\) satisfies B — B. Together with G = 5V and HGH <, VT, we have

NV“TW_VﬁH<+B%1TAWEM+Q«;Q

=77 HVVTV + BVH +0, <\1a> 2y n(1+ B), (B.16)

where we use [T 1VVT — 1} Sp T-1/2 and HVH —VT <p 1 in the last equation. For the same reason, by

direct calculation we have

b - 1)) 6+ 0, (15

T T e
= AGR RG G (
VVTUVT VU i

2 2 p 2

=g B T +0, ()\) — n°(1+ B). (B.17)
Next, we write

L Grr= L aR By +0) + ~GRTa (B.18)

D) T 4 X ' '
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We analyze these two terms in (B.18) separately. For the first term, we can write R in the form of (B.1) as

in the proof of Proposition 1. Then, using HUl H <p VT we have

/T VO VP 1
+n—=~t =1 +Op<>. (B.19)

For the second term in (B.18), we have

1 - - 1 1 1 VVT Upr 1
To T —— VUT —
)\GRu n 2ﬁVV UlLT+77T2>\ U'U.r nﬁ T T +7]T2)\

_ 1 N vivut - N, —o (L 1
_0p<m>+nT2AV(N Utu ]IT)LT—I-UTQ)\VLT—Op(\/ﬂ)+Op<\/x>, (B.20)

where we use |[N~'UTU —Ir|| <, v/T/N and Vip = 0 in the last equation. Plugging (B.19) and (B.20)
into (B.18), we have

VUTUup

1 - - _ _ 1 D
— GR'F = i
T)\GR r=mn T (v+0)+ 0, <\/X> — Y. (B.21)

Plug (B.16), (B.17), (B.21) into (B.15), we have

1

1 +Bm'

B.3 Proof of Proposition 3

Proof. Since Rank(R) < min{N,T — 1}, and the assumptions of the proposition imply that N/T — oo, we
thereby have a condensed SVD of R as

R=VT(s,¢)AY?(€,6.)T = VTV 2T + VTe, AT,

where A2 is the diagonal matrix of T' — 1 singular values, ¢, £ are the left and right singular vectors
corresponding to the largest singular value of T-Y2R, which is denoted by A2 In addition, ¢, € RV*(T-2)
and &, € RT*(T=2) are the singular vectors corresponding to the rest 7' — 2 nonzero singular values, Ki/ > e
R(T-2x(T-2) By direct calculation, we have

/2

_ _ _ _ —~ ~ —~ —~ —1
VTR (RRT + pul) ™ = (6, €)M 2 A+ T ul) 7 (6,67 = &7+ 6 R (A* + T—W) oI,

A+ T1p
and thus, with G = nV/, the Ridge estimator can be written as

. . — = — /)\\ % Tr V * A N -1
/,?;%zdge:GRT (RRT_'_MI) 177:/\ nvg;ﬁ—i—” ;A}k/Q (A*+T_1M> CIF
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~

) : -
qPCA 4 MV ox nve NE (A LT N) JI7. (B.22)

A+ T Y \/T
Using (B.5) and the fact that 7-!A\~'y — D and Proposition 1, we can show that the first term in (13.22)
converges to (1 + B + D)~ 1ny. With respect to the second term, as shown in (B.3), we have

5

Pﬁ’

RTR VIV N(Ip—T tupk)
TA T X

and the eigenvalues of

_ ViV N N(Ir — TﬁlaTL})
T TX

are given by (B.4), it then follows from Weyl’s theorem that \;(T'A"'RTR) = B + O,(A""/?) for 2 < i <
1
— 1. Note that A}/ (A + T u) isa (T'—2) x (T — 2) diagonal matrix and the ith element on the

dlagonal is

Nip(TT'RTR)Y2 1 N (T'ATIRTR)Y?
Nie1(TARTR) + Ty /AN (T-IN"LRTR) + T-1\~1p

Together with T-'A~'y — D, we have

Also, with ||a|| <p A/ N/T, we have

1 Nit1(T~'RTR)Y/? 1
= max (T RTR) <p —=. (B.23)
1<i<T—-2 N\ 1 (T7YRTR) + T ™ /X

Al/2 (A + T ,u)

ST < IST86y + D)l + IsTall < 180y + )l + 8]l Sp VA+ VETT <, VA (B.24)

and
Ve _ V(55)2_32<72_E ~1+0, 1 B2
Hﬁ ‘ VT Hﬁ —‘ Hﬁ +0(75) - H ~pf+f’< )

NG

where we use (B.8) in the last inequality. Consequently, using (B.23), (B.24) and (B.25), we have
‘ UVS*

il I

By comparing this with the limit of the first term in (B.22), we obtain

A2 (Rorr ) o ISTF S T4+ A4

|

A+T ,u) ’

, 1
~Ridge i)
Ty i+B+D""
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B.4 Proof of Proposition 4

Proof. By direct calculation, we can write

2
RRT + %vﬂ ~R (]IT + %LTLTT) R"=R (HT + é’,ﬁm}) R, (B.26)

where ji = /i + 1 — 1. Hence, the eigenvectors of RRT +T~!u7#T are equivalent to the left singular vectors
of R (]IT + 71 ﬂLTL}). Let ¢ and & denote the largest left and right singular vector of R (]IT + 71 ﬂLTL}).

Note that & can be viewed as the largest eigenvector of
(Ir + T fur ) RTR(Ip + T furd]),

we analyze the eigenspace of this matrix first. Similar to (B.3) in the PCA case, we have the following

approximation of RTR

RTR VTV vV + VT glrty N
_ _ PV A | [ B.2

by |TWVVT —1| S, T2, ||Uh|] Sp TY? and |[N7YUTU — (Ir — T~ Yerd])|| Sp /T/N.
Then, with (B.27) and N/(T'A\) — B, we have

| TN I + T ) RTR(Ip + T i) — M*|| = 0,(1) (B.28)
where the matrix M™* here is defined by
M* = Blp + TV + T Y1 + i)y (i V + VTuL) + 771 ((1 + )2+ @2B + 2,13) vl

Recall that ¢ is the eigenvector of T~ A" (Ip+T ! fupe) RTR(Ip+T 1 furl.), we can analyze the eigenspace
of M™ first and then use sin-theta theorem to characterize &.
Firstly, the rank of M* — Blr is at most 2. Using the fact that Vip = 0, by direct calculation, we have

the two nozero eigenvalues of M* — Bl are the solutions of the equation
(z —a1)(x —az) — a3 =0, (B.29)

where a; = T—1 HVHz, ag =T~ Y2(14 )y HVH and az = (14 /1)?v% + i2B + 2/iB. Since the larger solution
of (B.29) is

_ 2 42
a1+a3+\/(6121 a3) + 4aj >a >

0 (B.30)

with probability 1, it is also the largest eigenvalue of M* — Blp. In addition, the second largest eigenvalue of
M* — Bl should be distinct with A;(M* — Blr). To see this, if the second eigenvalue is the other solution
of (B.29), we have \;(M* — Bly) — A\o(M* — Bly) = /(a1 — a3)? + 4a3 > max{2az,|a; — az|} > 0. If the

second eigenvalue is 0 (in which case the second solution of the above equation must be negative), we have
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shown in (B.30) that A\(M* — Bly) — XAo(M* — Bly) = \i(M* — Blr) > a1 > 0. In both cases, we have
A (M* — Bly) — Ao(M* — Blp) > 6 > 0 for some constant § > 0. Consequently,

AL(M*) = Mo (M*) = M\ (M* — Bly) — \o(M* — Bly) > 6, (B.31)

for some constant § > 0. Now we calculate the first eigenvector of M*, which should also be the first
eigenvector of M* — Blp. We use §~ to denote this eigenvector. Since we already know that the largest
eigenvalue of \j(M* — Bly) is a solution of (B.29), which means that ¢ should be in the space spanned by
VT and vp. Writing € = K, HVH_I VT4 KoT~'/2,p and plugging the largest eigenvalue of Ay (M* — Bly) of
(B.30) into Ay (M — Blp)é = (M — BIp)E, we directly get

Ky V(a1 —a3)? +4a3 + a3 —a (B.32)
K1 2&2 ’ '

which will pin down K7 and K5 because we also have H H 1.
Using ||T7 A\ (I + T~ i) RTR(Ip + T~ fivpe)) — M || = o0p(1), (B.31) and sin-theta theorem, we

have
[P <
which implies that ‘éTf‘ %51 and consequently,

6= K[V VT = Ko 2| = 0p(1) or ¢ K [V TNV 4 KT | = 0,(1),

~rpPCA

Since the sign of £ plays no role in the estimator 7, , we can simply assume the former one.

Also, the relationship between singular vectors implies that
F=¢"R=||R(Ir + T*lmTLTT)H’l Iy + T i) RTR. (B.33)

With the approximation of RTR in (B.27), Viy = 0, T'VVT = 1 + O,(T~/?) and N/(T)\) — B, by

direct calculation, we have
H V(™ V(l + T g ) BT R = XTY2((1+ B)V + 4] H = 0,(\T), (B.34)
and
HT*WL}(]IT + T g L) RTR — ATV2(1 + fi) (W + (v + B)L;) H = 0,(\T). (B.35)
Plugging (B.34), (B.35) and Hg — Ky |V YT+ KQT*/%TH = 0,(1) into (B.33) we have

1Rz + T fur )| B = XTVA(LLV + LodT) | = 0,(AT), (B.36)
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where

L= Ki(l+ B) + Ko(1+ i)y, Lo = Kiy + Ko(1+ ) (7 + B). (B.37)

~rpPCA

It is easy to observe that scalar plays no role in the estimator 7, , we can redefine

F* = X' 2L |R(Ip + T upd])|| F

and use F* to create 'yTpPCA. Then, (B.36) becomes Hﬁ* -V - LIILQL;H = o0, (T*/?) . Consequently,
[V =7 = |7~ T 'eridy ~ V[ = 0, (172) 3 = T Frin = L3 Ls + (1), and

~

o~ —~ e e~ _ _ -1
G=GUVTVIT) ™ =gV VT (V)L = n(VVT + op(T)) (VVT + op(T)> =0+ 0p(1),

and the estimator ﬁgpPCA =1y SN anng, where L; and Lo are defined in (B.37).
In light of that a; —2 1, ay = (14+4)y, i = VI + u—1, 357794 25 nLy /Ly, (B.32) and the definitions
of Ly and L9 in (B.37), we have

ArpPCA Ly w(1+ B) 'y + (1 — w)n(y ++7'B),

where

B 2+ 2B
14+2B+ /(1 —a)2+4(1+ p)y+a’

a=(1+u)(v*+B) - B.

B.5 Proof of Proposition 5

Proof. Consider the set I = {|By| > Brgny}, where |8]¢,ny is the (¢N)th largest value in {‘B[i”}z‘ew]' Since

T'RGT =BT =B(T'WVVT =) + T 'OV + T BVZT+ T U ZT,
we have

|77 RGT = B0 |y S IBlaax |7 VVT = 1|l + T~ [TV ||y o Il

+ T Blax [VZT|| + T T Z7 || yyax Sp (log N)V2T71/2,

In other words, the difference between T~ RGT and 17 for all test assets is bounded by Op ((log N )1/ 2= 2),
which is o(1) under our assumption.

On the other hand, with the assumption that [[8|l\jy,x < 1 and the definition of |B[y,yy, we have
”ﬁ[lo]H < gN + (Nog — gN) |ﬁ\{ ny- Together with the assumption that ¢/N/No — 0 and HBUO]H = /Ny, it
leads to \B|{qN} > 1181, ||* /No = 1. Then, with the assumption that Bligns1y < (1 + §)~t |Blgnys We have
that the difference between ||,y 1y and 8], Ny should be at the same rate as 8|,y 2 1, which is larger
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than the difference between 7' RGT and 317. Therefore, with probability approaching one, we have I=1.
In what follows, we only need consider the case of I=1

Since ¢N/Ny — 0, by the definition of I, we have HB[I]H /\/\T > HB[IO]H /\/]IT)| Together with the
assumption that HBUO}H = /Ny, HB[IO]H — oo and |I| = ¢N — oo, we have |I|/(TH5[I}H2) — 0 and
HﬁmH — 00. Now compared to the case with PCA, the expansion on :y\fPCA resembles that of (B.11),

except for an extra term that depends on Z and the restriction of 7 on I:

~spea _ MVESTT | ZE STy

VTR VTR

In restriction to the smaller set I, the first term matches exactly the case of |I| /(T || ,8[1]‘}2) — 0= Bin

(B.38)

Proposition 1, which yields ~
nVESTr

i AT +0p(1).

We now analyze the second term in (B.38). As shown in (B.14), we have

ST
VA

so to prove that SPCA is consistent in this case, it is sufficient to show that 7—1/2 HZ&H 240, where ¢ is

~P 17

the largest right singular vector of R[ 7)- Similar to the proof of (B.6) in Proposition 1, we can show that the
difference between projection matrices, P and Py is small by sin-theta theorem. That is to say, we have
HffT - VT(VVT)_1VH 25 0. Then, with the fact that

[ZvT@vn) V| < |2V (VU [V S TV < T TR S, 0,
we have T~1/2|| Z&€T|| -5 0. Consequently,
T || Zg|| = T ZeeTe| < TR | 2T ligh o
Hence, z does not affect the consistency of the SPCA estimator. This completes the proof. O

B.6 Proof of Theorem 1

_1
Proof. 1t is sufficient to consider the case ¥, = I,. Otherwise, we can do transformation V' = ¥, ?V,
1 1 _1
ﬂf[] = BXs, 0 = nxi and v = ¥, *y. All the Assumptions A.1-A.8 still hold for the new V’, fl]'
Therefore, we only need analyze the case of ¥, = 1I,,.

For notation simplicity, throughout the proofs of Theorems 1-3, we use é(k) = (R(k))[fk] to denote the
The first

matrix on which we perform SVD in each step of Algorithm 5. Similarly, we use ;) := (r(k)

. )iz The
left and right singular vectors of Ry are denoted by () and &), while the largest singular value of R is

= ~ ~ 2
denoted by /T Ax). As a result, A\x) = T-! HR(k)H .
Using the above notation, our estimated factor at k-th step is 17(k) = \/Tf(Tk) € R™T the risk premium
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of this factor is given by 7y = X(;l)/Qg(Tk)r(k), the loading matrix of R on this factor is B(k) = T_l/QRg(k)
and the loading of G on this factor is 7)) = T_1/2@§(k). By footnote 4, we can use G instead of C_T’(k.) in
Algorithm 5 and throughout the proof. We denote 7 = (71), .-, 7)) and ¥ = (J(1), - --,Y(5))T» so the risk

premium estimator is 'ySP CA — =17.

By Lemma 2, we have f(i)f(j) = 0 for ¢ # j < p. This suggests that ‘7(k) at each step k are pairwise
orthogonal. Using this property and the definition of E(k), we have

k—1
i=1

for £ > 1 and when k£ =1,

If we define 5(1) = B[ﬁ] and ﬁ(l) = U[fl]’ then é(l) can be written in the form é(l) = 5(1)‘7 + ﬁ(l). We can
iteratively define

_ klR § gT.U4 _ k_lRA§~§T.
= (1,150 Sy () —a. [T,]5() S(:)~ ()
Uy = Uz, — z; ¥ix = and Sy = B z; VT (B.40)
= (4) = (%)
Recall that ) and () are singular vectors of E(k), we have
Rayék Rl k)
sty = —2W gy = B2 (B.41)
Using (B.41), if R B(l V+ U( y for i < k, we can write (B.39) as
» B k—1 R(z
Ry = R[fk} <HT - Z&@Q’)) Z Ry 7 ]5
i=1 \/ )\(Z)
k-1 T 3.7 k-1 T 77
- _ o~ _ S BV _ MUy,
— (6)” () (i)~ (@)
=BV + Uy = 2 B ——— — 2 Rgpéo——
=1 T)\(i) i=1 T)\(i)
Consequently, by induction, R B(k vV + U(k) for £ < p+ 1. Similarly, we can write
?(k:) = B(k:) (’)/ + 1_1) + a(k), (B.42)
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where ) is defined by

k=L R~ € st
~ _ [T,]5(0) i) ()
U(k) = U — —) (B43)
(Zk] — VT Ao
and ﬂ(l) = ﬂ[fﬂ' N
Similar representations can be created for G(y) := G Hf:_f Mg+ . Specifically, we have
(#)
k-1 T p k-1 T 3.7/ k-1 T 77
- Sl o . SwPeV - Y
Gy = (HT—Zf ) =Y Ggn ===V + Z =Y G = > G =
=1 T/\(l) i=1 T)‘(z) i=1 T)‘(z)

k-1 T3 k-1 T 77
o Bay _ IO

=|n—- Gf(l) ()A V+ 17— Gf(z) ()A
1=1 T)\(l) i=1 T)\(Z)

Using the following notation

k-1 T3 k-1 T 77

_ . SwPa - . - oY
NE) =N — Z Gf(l) (@) —, and Z(k) =7 — Gf(z) (@) —, (B.44)

=1 T)‘(z) =1 T)‘(i)

G(x) can be written as é( k) = ( )V + Z(k)

To sum up, we have defined R(k), (k) B(k), (7( k)> U(k)» (k) and Z( k) at the kth step of the algorithm. Note
that B k) € RIxIXP and 7 Nk € € R¥*P can be viewed as the loading of R(k) and G(k) on V, but they are not
the same as the estimators defined in Algorithm 5, B( k) € e RV*1 and 7, Nk € € R¥1 which are the estimated
loadings of R and G on the kth factor.

By Lemma 4, we have P(fk =1I;) — 1 for k < pand P(p = p) — 1. Thus, we can impose that I, = I,
for any k and p = p in what follows. In addition, Lemma 3(ii) and Lemma 4(iii) imply that X(k) = ¢gN and
that |Ix| = ¢N. Therefore, the assumptions of Lemmas 6-9 hold.

Since our algorithm stops at p, it implies that at most ¢N —1 test assets satisfy 77! H (R(ﬁﬂ)) ] GT H >

MAX —
c. Consider the test assets in Iy, we have

T Hé(ﬁH)R[TIo]H =7 H (Rn) g @TH S q2NY? 4 Ny = o <N3/2> ) (B.45)

where we use the the assumptions ¢ — 0 and ¢N/Ny — 0 in the last equation.
Write the left hand side of (B.45) as

Gy Rl = ) VV Bty + i) VO + Zien) VT B110) + Zien) Uy (B.46)
Using (B.45), (B.46) and Lemma 8(i)(ii), we have

1) (V7781 + VT )| = 00 (M6°T) (B.AT)
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Also, using Assumption A.6, Lemma 1(i) and Weyl’s theorem, we have

|on (VT B + VOT) = (T8

< [V, + 17777~ L sl o NPTV (B

Since Assumption A.3 implies that o,(8,)) = N01/2’ we have op(VVTBUO] + VU[TIO]) = Nol/2T. Using this
result, (B.47) and the inequality Hﬁ(ﬁﬂ) (V‘_/TB[IO] + VU[TIO]> H > Jp(V‘_/Tﬁ[IO] + ‘_/U[TIO}) Hﬁ(ﬁﬂ)”’ we have

H'ﬁ(ﬁH)H 25 0. That is, by definition of flp+1) in (B.44),

P P
n— 3 Gep 2| = o, (1). (B.49)
i=1 T)\(l)
Multiplying (B.49) by ~ from the right-hand side, we have
P B
ny — ZGf(i) ©) —|| = 0p(1). (B.50)
i=1 T)\(l)
Recall that our final estimator of v, is
R & & o & b P Sk
FSPEA =7 = > i = 3 Geiy—aee = > G~ (v +0) + Y Gy~ ==, (B.51)
i=1 i=1 T i=1 T i=1 T
(4) (1) (i)
Combining (B.50) and (B.51), we have
Pl hBo ST
Iy = 7 < Y | G —==0 G~ ==|| + 05(1). (B.52)
=1 T)‘(z) =1 T)\(,L)

Using HG’H <p T2, Lemma 7(ii), Lemma 9(i) and the assumptions that gN — co, we have

~ §ngz ~ §TZ- E(i)
e~ g|| < [|Geg || | 222 f) = 0p(1),
and
T 2. T ~i
G2 || < |G|l P22 | = o,1).
\/77@ TAu)

Plugging them into (B.52) completes the proof.
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B.7 Proof of Theorem 2

To derive the asymptotic distribution, we need a more intricate analysis. As in the proof of Theorem 1, we
impose that p = p and 17 r = Ii, since Lemma 4 shows that both events occur with probability approaching
1.

Recall that in Algorithm 5 the SPCA estimator is written as %SP A=y =>"F_, N(k)V(k)> Where D is

the number of factors selected and, with the notation defined in the proof of Theorem 1,

. Ve | ZE ~ ST SBw(r+0) Syt
T T TR T LI LI B (R
Ak) Atk) Atk)
Denote Hy = (h11,...,hz), Ha = (hi2, ..., hs2), where
hiy =T 2V EGR), i = /\ E )S(k) - (B.54)
Therefore, we can write (B.53) as
_ 28 . Sy
Ny — nhkr = ( ), Ay — hio(y +0) = ( )A . (B.55)
VT b\
(k)
Since £y and g, are the largest singular vectors of E(k) with the singular value 4/ T/):(k), we have
R)&x Rl
b = —2E )A( L, Ek) = W )A : (B.56)
T A\k) VT Ak)
From (B.56), we have
Zew 7 Bl ) _ ZVT Blys) ZU(k)<<k> v, L ZUS(r)
= T 2 — -
VI VT e T e T /Ao
Using Lemma 7(ii) and the assumptions on ¢, we have
T~
z U(k) O] By S ORO) | Bpp—p
= op( ), = = 0p( )-
T/ Aw) VA®
Then, along with (B.55) and Lemma 1(vi), the above equations lead to
Z
n—nH — TVH2 = Op(T_l/Q)a (B.57)
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and
7 = Hiy = Hv| = 0,(T~/?). (B.58)

Combining (B.57) and (B.58), with [|[H1|| <, 1, [[Ha|| Sp 1 from Lemma 9 and Assumptions A.1, A.2, we
have
T

T H2H2T’y

Wﬁ—nH¢@w+v>

‘ = 0,(T1/?), (B.59)

As shown in Lemma 3(iv), under the assumption that A\,(n™n) 2 1, we have p = p. Together with
P(p = p) — 1, we can impose that p = p for derivations below. To analyze HyHJ] and HoHJ in (B.59),

using Lemma 9 and the assumptions on ¢, we have
|HS Hy =1, < |H{Ho = L) + | Hy — Ha|| || Ha|| <, 772 (B.60)
Then, for the term HoHJ, we have
| H2HY ~ | = max [\ (HoH]) — 1] = mox [\ (HJ o)~ 1] = |[H]Ho =1, S, T2 (B6)

since Hs is a p X p matrix.

For the term HjHJ, by Lemma 9 and the assumptions on g, we have
|H] Hy — Ly|| = op(T~'7%). (B.62)
In addition, we have
op(Hy) |HoH —Ip|| < ||(H2HY = 1) Hal| = [|[Ho(H{ Hy — I)|| < || Hal| |[H] Hy — L. (B.63)

Since (B.60) implies that oy (Ha)/op(Ha) = M\ (HaHI)Y2 /M, (HHI)Y? <, 1, (B.62) and (B.63) give

g1 <H2)

H\H] —1,|| = |HoH] —1,|| <
[H B = Tyl = [HoH] Tyl < 72

|HTHy — 1)) = 0,(T/2). (B.64)

Combining (B.59), (B.61), and (B.64), we obtain ‘}m—n(7+ﬁ)T_1ZVT7” = 0,(T~'/?). Using Delta
method and Assumption A.9, it is straightforward to obtain: /T (77 — 1) AN (0,®), where ® is

as defined in Theorem 2.
O

B.8 Proof of Theorem 3

Proof. As shown in the proof of Theorem 2, we have P(p = p) — 1 and P(fk = I) — 1 for k < p. Thus, we

impose p = p = p and IAk = I} below. Using the same notation as in the proof of Theorem 2 and (B.58), we
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have
1 2 154 2 1 —1/2 2
= e =l = = |V = V|| = 5 [VTeHTy + 0,712 - v
t=1
1 _ 2
- TH\/T&HQTV—VWH +0, (17,

where 6 = (5(1), e ,f(p))

Using (B.56), we can write

E () Vﬁkg Uk
VTEghly = — W0 hp, + —0E,

P e

Using Lemma 7(i), Lemma 9(i) and X(k) =p [Ik|, Ix| = ¢IN, we can derive from (B.66) that
VTEyhly = Vhiohl, + Oy (¢ ANTY2TY2 4 7112
That is,
VTEH] = VTHHJ + O (¢ //AN"V2TV2 1 77112
Therefore, using (B.67), (B.61) and the assumptions on ¢, we have

T7-1/2 H\/T€HQT’7 - VWH <p TV2||[VTHLHY = VT ]| + ¢ 2N—Y2 4 77

$p T2 ||V |1 HoH = || + ¢ /2NTY2 4 77
<, q71/2N71/2 + 712,

~.

Therefore, it follows from (B.65) that

1
4+ —.

*Z|mt g —*HVT’Y VT’VH NpT N

In light of the assumptions on ¢, we can choose g such that ¢ N 2 Ny/log Ny, which leads to

T
1 12 1 log Ny
- _ <
T Eﬁ |y — My NpT—i- Ny

53

(B.65)

(B.66)

(B.67)



B.9 Proof of Proposition 6

Proof. Write 5 =%, 1 25211,/ 2, then by definition m; can be written as

e =1— TS (Bug + ) = 1 — 4TS, V26T (EBT + }IN)fl (B, Y0, + 27 ), (B.68)
or in matrix form

M =1-T8TE BV +U) =1 = 75,257 (BFT + HN)_I (BE, V2V + 5,1%0), (B.69)

where M = (mi,...,mq), V. = (v1,...,vr) and U = (u1,...,us). Suppose that the SVD of 3 can be
written as B BAY2T, where B € RV*P and I' € RP*P are matrices of left and right singular vectors,
AY2 = dlag()\l/2 . 7}}13/2) is a diagonal matrix and \; is the ith eigenvalue of BTB Write B = (b1, -+, bp),
then bJb; = 0 for i # j. Using the SVD of B, we have

BT (BET + IIN)_1 = TTAY2(A +1,)"'BT.

Hence, we have

-1~

‘BT (BB +1v) BT = [r7a2(A + L) AY2r - 1| = [[A2(A + 1) A2 - 1, | 5, 351, (B70)
and
Bt (55T+11N)1E;1/2UH [rmat2 1) e 2| 5, (3102) | Bres | (B.71)
Since Cov(BTX,, 1/2 u) = I,, we have E <HBTE;1/2UH;> = pT, which leads to
HBTE WUH HBTE 1/2UH <, T\/2. (B.72)

For the same reason, we have HE 1/2VH Sp T'/2. Then, with Assumption A.10, (B.69), (B.70), (B.71), and
(B.72), we have

s (o o -5) s |

T ~ ~~ —1
J >l — i < ‘ 7T V7S, BT (BT + 1) 2;1/2UH
t=1
<[ (387 +1) "5 -
<, T1/2')V\;1/27

a (ggT n HN)‘l E;l/QUH

E;WVH +’

o4



which in turn leads to
1 T
~ 12 g
T > Ime—mul® Sp AT
t=1

where
Xp = A (BH28757185/2) 2 0BT Amin(Z21) =p Ap(878) Ak (B,

which concludes the proof. ]

B.10 Proof of Theorem 4(a)

Proof. For Ridge SDF estimator m;, we have
1 < 1= 2
= > I — il = “RT(E+H]IN)_1F—VT7“ . (B.73)
t=1

Recall that in the proof of Proposition 3, we have a condensed form of SVD on R:
R = VTA2¢T + VT, AV ¢,

where A1/2 is the diagonal matrix of the first p singular values of T-/2R and A= diag{xl, e ,Xp}, G, &
are the corresponding left and right singular vectors, and ¢, € RV*K ¢, e RT*K are the singular vectors
corresponding to the remaining K nonzero singular values in Ki/ 2 ¢ REXK , where K = min{N,T — 1} — p.

Using this representation, (B.73) becomes

T
> lma = il =||(PTBT + UT)o(R + uD)~'T7 = VI + (VTAT + UT)s, (R + ul) I
t=1

|
< HVTﬂTc(K +pl) T By — VWH + HVTﬁTC(K +p) T (BY + ) H

‘ +|[VTy = VT (B.74)

+ HUTg(K + ;d)‘lchH + HVTBTc*(K* + ) iIT

+ HI_JTg*(K* + pI) T 7

We analyze these terms one-by-one. Firstly, we consider the properties of ¢ and &. Let ¢, and & denote
the kth columns of ¢ and &, respectively. Note that ¢, and & can be regarded as the ) and §() in our
SPCA procedure with I = [N], where ¢; and & are the singular vectors at the kth stage. This means we
can reuse some of the proofs without repeating essentially the same arguments therein.

Similar to (B.54), we define

huy = T~Y2Ve,,  hug = Ay 2 87q, (B.75)

55



and H, = (7111, oo hpt), Hy = (h12, ..., ilpg). Using Lemma 14, we can obtain
HEHPIQT - HpH ST M (TTIN 4+ 1), HH1 - HQH S T2+ 0N TN + 1), (B.76)

Using (B.76) and Lemma 14(i), we have Hﬁgﬁg —]IpH < H}Nhﬁg —]IpH + Hﬁl — E[QH HﬁQH <Sp T-1/2 4
MY TN + 1), which, by (B.75), is equivalent to

P
~ 1 N+T

AT —11H< — . B.77

[oreats -1 <5 o=+ (B.77)
Consequently, with Lemma 11 and HBTgK_l/QH = Hﬁg” Sp 1, we have

BT¢ (/AX + uI)_l SEED*

S ’

~ ~ ~ -1 ~
BTCA—1/2 <A1/2 (A +MI> AL/2 ]Ip) A2

[+ i

< HﬁTgx_mH? HKl/Q (K n M)il AL/2 _ ]IPH + H5T§K_1§Tﬁ - ]IpH

<L+N+T+£
o Ur TN, Ty

(B.78)

~ ~ S
where we use HAUQ (A + ,uI) A2 — L,

' = maxjgp(xj +u) e s, )\;1,u in the last step.

With ||V <p T'/? from Lemma 1, it implies from (B.78) that the first term in (B.74) can be bounded:

_ ~ _ _ N+T /T
VTIBT¢(A 4 pI) 2Ty — VT Hg 1+ + :
H BTe(A+pl)™ "By = V|| 5p T T
For the second term in (B.74), using Lemma 11, we have
_ ~ _ ~ N N
|778e® + uny~isr(go + a)| < |7 || BR[| RV2 R + wny 150+ Al S ([ (BT9)
P
Next, recall that ¢, and &, are singular vectors of R, we have
V18T, + UTe, = RTe, = VTEAY? (B.80)
By Weyl’s theorem and Assumption A.4, we have
1/9 = _ _ _ _ _ _ _ N
o;(T7Y*R) — oj(T 1/251/)‘ <TVR|R- V|| =T7V2 0] Sp /7 +1, (B.81)

for j < min{N,T}. Since Rank(T~'/28V) < p, we have aj(T_1/2ﬁV) =0 for j > p and thus

- _ N
Ai/2H = opn(T712R) S5 ([ + 1. (B.82)
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Left multiplying (B.80) by V, we obtain
VAT, = VTVEAY? — VT, (B.83)

Together with (B.82) and Assumption A.G, we have

17l < ||V o) 7| (VE )[R+ vor]) s, ﬁ+ 1, (B.84)

and consequently,

) _ _ N
II7lE < W8I Iy + ol + lTall Sp o/ 7 + 1. (B.85)

Using (B.84), (B.85), Lemma 13(iv) and ||U]| <, N2 4 T1/2 we have

~ 1 g ~ _ o N4T
|76 Bt uny sz < gl | R+ w0y 7 S5 =5 (B.56)
and
N T N+T
UTe.(Ay + pl —1gng < || H Ao+ ul —1H 7| < . B.87
|06 Re 4 1) e e [ S (B.87)
Using Lemma 13(iii), we have
. N ~ N+T
[3rr| sp [Am2ere] + R 514 S 5o,
g
where we use HZA\_l/ngﬁH = Hﬁg ‘ <p 1. Then, with Lemma 13(iv), we have
_ _ _ ~ i ~ T N+T
OT6(A + ul 1ng‘ < ||07¢ H A+ ul 1A1/2H HA 1/2ng” Y e ey B.88
|ome@+ ) 0Tl | R+ ) Xl -l
Plugging (B.78), (B.79), (B.86), (B.87) and (B.88) into (B.74) and using ||V — V|| <, 1, we obtain
T
1 9 2 1 N4+T N24+T?
_ _ < = _
With p? < T7I)\,(N + T), we achieve the best rate from the above bound:
1 ZT] < L N+T
T £ T e T
t=1
O
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B.11 Proof of Theorem 4(b)

Proof. i. (Slow rate) Note that (12) is equivalent to a constrained optimization problem:

> So1/2-  s1/2,]]?

b= argmbinHE* P2F 53V bH , subject to ||b]|; < p,
for some tuning parameter p. This implies that the vector of the true SDF loadings, b, satisfies that

S s1/272 S-1/2-  s1/2;]]? >
H271/2f— 21/26H < HE* [2F 5V bH and Hle < u, for somepy > s.
Equivalently, expanding the left- and right-hand sides of the above we have
TS — bTSb < 2(b — b)TF,

which leads to

o~

b—0)TS0b—b) < 20— b)T(F—Sb) <2 HZ— le

f—ﬁbH .
o0

With a tuning parameter i < s, we have

GBS0 —b) < er—in . (B.89)
o
With Lemma 15, we have
~ log N
HEl/z(b - b)H <, s OgT (B.90)
Therefore, we have
1 1 - |~ 2
= > e = el = [T = ) = b~ B )|
t=1 t=1
o T\ s o T
S (MR = S ICE I &
=1 t=1
o~ 2
<2||SY2E 0|+ 20l I~ B 12
log N log N
Spst/ T + 52 T
Since s =< p 2 ||b]|;, plugging in the optimal rate choice s < ||b||,, we complete the proof.
ii. (Fast rate) Since b is the optimal solution of the minimization problem, it implies that
BTSb — 26TF + bTSb + pu||b]|, = bTEb — 2677 + bTSb 4 pa][b]). (B.91)
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Rewrite (B.91) as

~

(b= B)TE(b—b) < 2(b = b)T(7 — £b) + (b — [[bl]1)- (B.92)
Ifp>4 Hf - i\]bH , (B.92) becomes
o~ 2 N ~ ~
|E 2@ -v)|| <2|fp— o, || — b _ +wtiel, - 1l
1 |~ ~
<z [B—p||, +uCioll, = 151). (B.93)
Let J denote the support of Z, then (B.93) can be written as
O O R 8 e e e
2 12 1 1 1
3 = 1 =
T YR Y A 7 B.94
QNHJ |y~ gk ||boe] (B.94)
Define b* = b — b, then (B.94) implies that 3 (|b%[|; > [|b%||,, and we have
~ 2
*T - * R %12 4|p*
6T(E = S =3 Ll [log N ( I jul> < 1 flee N
I5°1 MAX b AN L7l T
Consequently, with the assumption |J| \/log N/T — 0 and Apin(X) 2 1, we have
PTISB* bTSR bT(S — )b
= + Zp 1
los1* e (ol
Therefore, we have
o~ 2 ~ ~ 2
|20 0| = 67207 2, 16717 = W31 = 171 083 1 = 11" o =, (B.95)
Plugging (B.95) into (B.94), we have

~ ~ 2 ~ ~ ~
e A R e SO}
Thus,
S1/2/7 2 2
[=2@-0)| <pu?11.

(B.96)
Choosing u =4 HF — /Z\in and by Lemma 15, we obtain
o0

HEI/Q(b—b)H <, |J] OgT : (B.97)
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Similar to the slow rate case, we have
1 1 < 2
T Z [ — e =7 Z HbT(Tt —7T) = b (ry — E(H))H
t=1 t=1

2 L~ 12 2 d _ 2
= I (NG =D SIS ()]
t=1 t=1

<226 - o)|| + 27— )|

log N
Sp 16l :

B.12 Technical Lemmas and Their Proofs

Without loss of generality, we assume that ¥, = I, in the following lemmas. Also, except for Lemma 4, we
assume that p = p and fk = I for k = 1,...,p, which hold with probability approaching one as we will

show in Lemma 4.
Lemma 1. Under Assumptions A.1-A.7, for any I C [N], we have the following results:
(i) ||TWVVT -1, < T2

" H@[TIJB[fl)_Qﬂ[TI}Uﬂl S T2,

_1 L
<, TV2, H(B[TI]BU]) 8,00 2| S, T2,

(iii) H (ﬁhﬂ[[])ﬁ BLUnVT

() [|Ull\ax Sp log NT)VZ, - [[OVT||y i Sp (Qog N)V2TVZ, - [UZT||\ax Sp (log N)VZTH2,
() Ol Sp 1212, OV S (12 T2, ([0 27| S 1112 T2,
i) VIISp T2 (2] <p T2, (V2T S T2, (V2T -V 2T 51

Proof. (i) Using Assumption A.1, we have

+ol* < T2

_]Ip +

/T
HVV _1,

H Vi VT
T P Tz

T2

v
T

H A%
S -

(ii) Using Assumption A.5, we have

1

+77! H (5{1]5[1}) ’ 5{1]U[1]LTL%

1

o
H (81,80) BT

1/2
Sp T2

_1
< H (81,80) Bl

(iii) By Assumptions A.1, A.5 and A.6, we have

_1
+r H CHEN I B[TI]UWTLTTVH

_1 o _1
H@[T”ﬂ[”) QB[T”U[”VTH : H(ﬂfnﬁm) BV
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_1 _1
< H (5&]5[1}) 2 5[}]U[I]VTH + H (5{1}&1]) " Bl Umer | 19l <p T2

Replacing V by Z in the above proof, with Assumptions A.2, A.5 and A.7, we also have

H (5[}]5[1])_5 Bl U ZT|| <p TV

(iv) Using Assumption A.4, we have
101viax < 10liax + T~ U lyax < 10 lviax + lallyax lerll Sp (log N2 + (log )2
Using Assumptions A.1, A.4, A.6, we have
1TV |yiaxe < N0V lyax + T Ul VT | axe < N0V lhyax + T llllyax 5] Sp (log N)Y2T2,
Replacing V by Z in the above proof, with Assumptions A.2, A.4 and A.7, we also have
|TZ7|| ax Sp (log N)Y2T/2.
(v) Using Assumption A.4 , we have
[Tl < Ul + T [Umerdk | < Ul + || lerl) <p 11172 + T2,
Using Assumptions A.1, A.4, A.6, we have
OVl < [V + 77 [Uerep VT < ([Un VT + T ffagn | o] <, 12172 772
Replacing V by Z in the above proof, with Assumptions A.2, A.4 and A.7, we also have
1027 Sp 1112 T2,
(vi) Using Assumption A.1, we have
VI < IVI+ T [Verd || < VI + ol lerll Sp T2
Using Assumption A.2, we have
1Z)] < 12 + T~ 1| Zerd|| < 1120 + 2] erll Sp TV
Using Assumptions A.1 and A.2, we have

|V27|| < Wzl + T [Verd z|| < VI + T ol 2] <, T2
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and

|VZT —vZT|| = [TV Z|| = T |0 |12]| Sp 1-

Lemma 2. The singular vectors §,s we obtain from Algorithm 5 satisfy f(Tj)f(k) =0, for j, k < p.

Proof. If j = k, this result holds from the definition of ). If j < k, recall that ]A%(k) is defined in (B.39)
and &) is the first right singular vector of ﬁ(k), we have

Ry = Ry, 11 (tr—cwely)  and o= . H}T!(;)IQH
1<

It f(Tk)f(j) = ¢g # 0 for some j < k, then

Hﬁ(m (&) — 005(j>)H = Hé(kﬁ(k) — o) H = Hf?(k)ﬁ(k) ) (B.98)
since the definition of ﬁ(k) implies that R(k)f(j) =0 for j < k.
On the other hand, since S(Tk)ﬁ(j) = ¢g # 0, we have (f(k) — c0€(;))T€(;) = 0, and consequently,
e I* = ey — o l” + lleatin |I* > 1w — cotin (B.99)

Apparently, if

’fi(k) H = 0, the process will stop so we have HR@) H > 0 for k < p. Together with (B.98) and
(B.99), we have

_ Hfi(k)g(k)H Hﬁ(k)(ﬁ(k)—cof('))H
7o)l = "ol = e el

which contradicts with the definition of £(). Therefore, f(Tk)f(j) = 0 for j < k. This completes the proof. [
Lemma 3. Under Assumption A.3, if c — 0, ¢N/No — 0 then by, By, and p defined in Section A satisfy
(i) (bj,bg) = 0ji for j <k < p.
(i) ||Baw |l < g"/2N2.
(iti) 5 <p.
() p = p, if we further have \,(n™n) 2 1.

Proof. (i) Recall that by is the first right singular vector of By and By = B, Hj<k M, . Using the same

arguments as in the proof of Lemma 2, we have (b;, by) = d;;, for j <k < p.
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(ii) The selection rule at kth step implies that

2 2

|]k| Z Bii HMb ' PN No Z [i] HMb n' . (B.100)
1€l i<k MAX i€lg i<k MAX

For any matrix A € RN*? and set I C [N], we have

S AaE ax < AR < a7 1 AplE

iel iel
and

1AI* < | AlF < ]lA4]7,

we thereby have

2
1AI* =< D 1|4 [[yeax - (B.101)
el
Using this result, (B.100) becomes
2 2
|I | B H b 5[10] HMZ’ U
i<k i<k

Then, we have

1
\/’THB@H H b M 5[zk]H f 5[10]HMH] ZF » (Biro)) HMH? ,

J<k i<k i<k i<k

(B.102)

where we use [, Hj<k My, nT = B[lk](Hj<k Mbj)QnT = B Hj<k My, 7T in the first inequality. With
op(Bi1,)) 2 VNo from Assumption A.3, (B.102) leads to Hﬁ H e |Ik|1/2. In addition, ||5]yax S 1 from
Assumption A.3 leads to Hﬁ(k)H < ]Ikll/Q. Therefore, we have Hﬁ(k H = \Ikll/g = ¢*/2N1/2,

(iii) From (i), we have shown that by’s are pairwise orthogonal for & < p. It is impossible to have more
than p pairwise orthogonal p dimensional vectors. Thus, p < p.

(iv) Recall that p is defined in Section A. Since the procedure in its definition stops at p+ 1, we have at
most ¢N — 1 rows of 3 satisfying H B 11 j<p M, 77THMAX > ¢, which implies

2

Bir) HMbﬂ?T < gN + (Nog — qN)? = o(Ny),
J<p

where we use (B.101) and the assumptions ¢ — 0, ¢N/No — 0. With o,(8(z,)) 2 v/ No from Assumption

63



A.3, we have

n [T M, || < op(Bir) ™" |86 [ M, 07| = o(1). (B.103)

J<P J<p

If p<p—1, using (i), we have

n ][ M, =n—nd_ bl

J<p J<p
which implies that
op(n) <or | n][[ My, |+ (0D b0] |- (B.104)
J<p J<p
Since
Rank (7 bbl | <p<p-1, (B.105)
J<p

we have o, (77 di<h bﬂ)}) < 0 and thus (B.104) and (B.103) lead to o,(n) < o1 <?7 [li<s Mbj> —0. This
contradicts with the assumption that A\,(n™n) 2 1. Therefore, we have p > p. Together with the result in
(iii), we have p = p. O

Lemma 4. Suppose Assumptions A.1-A.8 hold. If ¢! log(NT)l/2 (q*1/2]\771/2 + T*1/2) — 0 and ¢ — 0,
then for k < p and for I, p and B, defined in Section A, we have

(i) P(Iy = I;) — 1.

(ii) | By = By V]| Sp a'/2N12 4 712,
(iii) [Nt 1Boo | = 1] Sp a V2NV 4 712,
(iv)

(v) P(p=75) - 1.

Proof. We prove (i)-(iv) by induction. First, we show that (i)-(iv) hold when k = 1:
(i) Recall that fl is selected based on T~'RGT and I; based on fnT. With simple algebra, we have

P\?JC) - TlVTPkaH ,Sp q71/2N71/2 +T*1/2.

T'RGT— BT =B(T'WVVT L)'+ T 'OV + T 'BVZT + T7'UZT.
With Assumptions A.1, A.2, A.3, A.6 A.7, we have
1T RGT = 807 [|\yax SUBInax [T VYT = L[| llnll + T~ [TV Il
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+ T Y Blluax |IVZT|| + T ||UZT » (log N)Y/2771/2,

hax

From Assumption A.8, we have c(% cé?i e cé ]\)[ and the the definition of p implies that ¢ ®) > ¢ for k <p.

qN
Thus, we have c((l ]\), — c((;\)] 41 = ¢ Define the events

A= { [T RyGT[|yax > (R + cliy)/2 foralli € I}

Ay { |T7'R ]GTHMAX< (cy () +ch+1)/2 for allze]l}

Ag:= { HT_lR[i]GT _ ﬁ[iWTHMAX > (cg\), ¢(1N+1)/2 for some i € [N]} (B.106)

>

It is easy to observe that {fl =11} D AjNAs. In addition, from the definition of I, we have HB[WZT HMAX >

)

CouN for all © € I; and HBW?T < cé ]\), 4 for all @ € I{. Therefore, if Af occurs, we have

haax
HT_IR[z‘]GT - 5[@']77THMAX =z (cg\), B Cé%+1)/2

for some ¢ € I;, which implies A C As. Similarly, we have A5 C As. Using {./7\1 =1} D A N Az and
AU A C Az, we have

P(I, =I,) > P(A1 N Ay) = 1 — P(AS U AS) > 1 — P(43). (B.107)
Using cil(logJA\f)l/szl/2 — 0 and cg\)f - cg\),H > ¢, we have P(43) — 0 and consequently, P(I; = I;) — 1.
(ii) Since I; = I; with high probability, we impose Il = I; below. Then, we have R(l) = R[Il] and

Assumption A.12 gives Hé(l) — ﬁ(l)VH = HUUl]H Sp g 2NYZ2 112,
(iii) From Lemma 10, we have 0;(81)V)/0;(81) = T2 4 0,(1). The result in (ii) implies that

| Bl = 18w Vll| < R = BV | S 2N 47072,
Together with ||8(1)|| < ¢V from Lemma 3, we have

R O L O g |
e o e e 7 |

<, q—1/2N—1/2 L2,

(iv) Let 5(1) € RT*! denote the first right singular vector of 5(1)‘7- From Lemma 10, we have
HP&U = T*lx‘/TPkaH <, 712 (B.108)
and o;(B1yV) /o (Bay) = T2 4+ 0,(1) for j < p, which leads to

o1(ByV) — o2(ByV) = T'2(0 (By) — 02(Ba))) + Op(a1(Bay)) =p Tl/20’1(5(1))a (B.109)

where we use the assumption that o(81)) < (14 0)"'o1(5(1)) in the last equation.
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fi(l) - B(l)VH <p q"/?N'/? 1 T2 as proved in (ii), (B.109), Lemma 3 and Wedin’s sin-theta

theorem for singular vectors in Wedin (1972), we have

In light of (B.108) and (B.110), we have that (iv) holds for k = 1.
So far, we have proved that (i)-(iv) hold for £ = 1. Now, assuming that (i)-(iv) hold for j < k — 1, we
will show that (i)-(iv) continue to hold for j = k.

(i) Again, we show the difference between the sample covariances and their population counterparts

Using ‘

g\/2N1/2 L 71/2

]P> — —
" o1(ByV) — oa(ByV)

Spq VANTVR 4T (B.110)

— P-
V(L) )

introduced in the SPCA procedure are tiny. At the kth step, the difference can be written as

B[ Myn™ —T7H(BV + ) HM 77V+Z)
= MAX
k—1 k—1 k—1
< My nT —T718V || Mo, VT +77H gV | [ Mo, 27
<||B H b; 7 B 1_11 V(E) n B 1_[1 V&)
= MAX J= MAX
k—1 k—1
+ T U [ Mg VT +TH\O [ M 27 (B.111)
j=1 o MAX =Y MAX
Since (iv) holds for j < k — 1, we have
k—1 k—1 k—
Por —T'VTY B,V r — TP .V> <, g VANTV2 4712 B.112

Using Lemma 2 and Lemma 3(i), we have

HMb =1, —Zpb, and HMV(J = ZIP’V(])

Using the above equations, (B.112), and HT‘lf/f/T - ]IpH Sp T2 we have

k—1 k—1 k-1
) | e L S S P L
=i ) J —

Similarly, right multiplying VT to the term inside the [|-|| of (B.113), we have

k—1 k—1
1VHMA( VT [ My,|| Sp g VANT2 T2 (B.114)
Jj=1 7 Jj=1

Then, we analyze these four terms in (B.111) one by one. For the first term, using (B.114) and Assumption
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A.3, we have

k—1 k—1 k—1 k—1
BT Mo =778V [T Mes VIT| - S UBllawax || [T Ms, =771V T Mgy V7l
=1 =t MAX =t =t
Spq—l/QN—l/Q_'_T—l/Q.

For the second term, using (B.113), Lemma 1 and Assumptions A.3 and A.2, we have

_ k—1 k-1
sV Mg 2 ST Bl | TT M, [ V27 + 774 18 0hax |V T Mey HMb 1]
=1 MAX =1 =1

Spq_l/zN_l/Q L2,

For the third term, using (B.113) and Lemma 1, we have

E—1 k—1 k—1
T O T Mge Vit STV |y | TT M || il + T [0y 72 |V T] Mis HMb Il
=t MAX =1 j=1

Sp(logNT)l/Z <q—1/2N—1/2 +T_1/2> .

For the forth term, using (B.112) and Lemma 1, we have

_ k-1
O UH pr 2T STTHOZ |y + T2OVT [y | 2P, | 1V 27

]) i=1
MAX J=

k—1

k—1
T |0 g [TV B - 3 By |12
i=1 '

,Sp(logNT)l/Q <q—1/2N—1/2 i T—1/2) ‘

Hence, we have

k—1
T-'R H Mr G7— 6 [ M, <, (log NT)V/2 <q*1/2N*1/2 + T*1/2> . (B.115)

J=1 MAX

As in the case of k = 1, from Assumption A.8, we have célj\), c((]lf\), e c(k) In addition, since the stopping

(p+) (k)

rule for the procedure in Section A is ¢, < ¢, we have ¢ GN = C for k < p. With the assumption that

¢ (log NT)l/2 <q*1/2]\771/2 + T71/2> — 0,

we can reuse the arguments for (B.106) and (B.107) in the case of k = 1 and obtain P(I; = I;) — 1.
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(ii) We impose I, = I, below. Then, we have E(k) = R[Ik] Hf;ll M‘A/(T_) and thus
J

k—1 — k-1 k-1
R(k) ﬁ( )V R[]k] H M ﬁ(k)v = /B[Ik} H H Mij + U[Ik] H M‘A/(B
j=1 J=1 j=1 Jj=1

Hence, using Assumptions A.3, Lemma 1, and (B.113), we have
N B = k—1 B B -1
|y = By V|| < 18 ||V TT Mps = [T M, V|| 4 (|0 || [T Mgz || Sp g/ 2N2 4 T2,
j=1 j=1 =1

(iii) The proof of (iii) is analogous to the case k = 1. Rewrite the proof of the case k = 1 by replacing
= = 1/2 _ _ _
R(l) and ﬁ(l) by R(k) and ,B(k) We have ‘)\Ué) / Hﬂ(k)H — 1‘ Sp q 12 N—1/2 +T 1/2.

(iv) The proof of (iv) is analogous to the case k = 1. Let {(, denote the first right singular vector of
ﬁ(k)v, then we have M5<k) — Tflf/TMkaH <p T-1/2 from Lemma 10. Since we have Hﬁ(k) — B(k)VH Sp

¢ YV2N-Y2 4 7712 from (ii), using the same proof as in the case k = 1, we have

HMA < VANV L2,

_ M.,
Vi £k

by Wedin’s sin-theta theorem. Combining these two inequalities completes the proof.
To sum up, by induction, we have shown that (i)-(iv) hold for k£ < p.
(v) Recall that p is determined by Sy H] <& Mp; 1T whereas p is determined by T~ Rl] HJ <kM GT

Since (iv) holds for j < p as shown above, using the same proof for (B.115), we have

D D
CR]] Mg G- BT M, <, (log NT)V/? (q’l/QN’l/z +T’1/2>. (B.116)
i1 J -
MAX

The assumption c(zjv D < < (14 6) 'cin Assumption A.8 implies that ¢ — cgz]j\—;_l) = c. Together with
“1(log NT)1/2 <q—1/2N—1/2 4 T—1/2> -0,

we can reuse the arguments for (B.106) and (B.107) with events

P
B, := T_IR[i} HM{/(T)GT > (c+ Cp+1))/2 for at most ¢N — 1 rows i € [N]
' ’ MAX
p
By: = T_lR[l H — B HMb nv > (c— céN )/2 for some i € [N] », (B.117)
=1 7=l MAX
to obtain P(p = p) > P(B1) =1 —-P(Bf) >1—-P(By) — 1. 0
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1
Lemma 5. Suppose that I, € R}kl s an orthogonal matriz with the first p rows equals to (/B[le}ﬁ[jk]> ’ B[Tjk]

S U (k) 7
@2 | Tmsw and | 5 =Ty Uy,
(k) (k)

where s%k) € RP*! gnd ﬁ(lk) e RPXT are the first p rows of L xSy and F(k)U[Ik], respectively. Then, under

and we define

Assumptions A.1-A.8, we have
(i) ||t o TG PAL2 £ T12).
(i) Hﬁ(lk)u <, T2, H(j(lk)f/TH <, T2, H[}(lk)ZTH <, T2,
Proof. (i) The assumption I, = Ij, and the definition (B.39) of é(k) together lead to
Ray = By IT (I — €0y)
i<k
Then, with (B.56) and Lemma 2, we have ¢,y = R[lk]f(k)/\/jT(k)- From the construction of T'(;y, we have

1
_ T Vv + (71
LBy = (<6[’k]ﬁ[fk]) (’“)) :

772
Ulky

which in turn gives

1
st 1 T LRV !
( 5k)> = LS = == (<BWB[M~> TR0 ) g,

5(k)

With Lemma 1(v), we have

U2 g -
-] <] s

(ii) With Lemma 1(ii)(iii) and the definition of I}y, these results follow immediately. O

Lemma 6. Under Assumptions A.1-A.8, if X(j) =p |I;| and |I;| < gN for j < p, then for k < p, we have

Ut ¢
; (1] (k) —1/2n7—1/2 -1
(i) wo o\ <, g VN2
g VU 1Stk ZUf 15(k) SCy Bl
(ii) [I’i] Sp q71N71 + T*1, [I’i] ,Sp qlefl + Tflj (k)A[ k] Sp q71N71 + 71
T/ Ak ERVRY) A(k)
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Proof. (i) Using the equation g(Tk)U[Ik} = (s%k))Tﬁ(lk) + (s%k))T(}(Qk) and Lemma 5, we have

g 1 771 2 ) 1 71 2 7 | + T
[ty Zia] = [l + ol 19 | = st T | + (5B | WOl 50 VT S, B128)
which leads to
T
[Ik}f(k) Sp /1\ + ’Ik’/\_’_T S_,p q71/2N71/2 _’_Tfl.
TAw) Mg TAw
(ii) From Lemmas 1 and 5, we have
g0 < 7 @) bl ()l <19 @)« [l
[P0 = 7 () st + [ (T st = [ () || + [0 55
|Ik’ +T
$p VT + 10—,
Adk)
which leads to
Vo
Ulig(k) Sp 1,\ + |Ik|A+ r Sp g 'NTt 4T
T\ Aw) T 1w
Replacing V by Z and v} in the above proof and using Lemmas 1 and 5, we have similar results:
ZUT ¢ Ul S
B R T e SR I LR s S e (B.119)
T/ Aw) Ak)
O

Lemma 7. Under Assumptions A.1-A.8, if X(j) =p |1;| and |I;| < gN for j < p, then for k,l < p, we have

. iﬂk S(k) —1/2n7—1/2 -1 Uk —1/2A7—1/2 -1/2
(i) ||[FEE2| < g VANTY2 4T O <Sp g ANT2 T
TA(x) T (k)
) VU S i _ AT e _ T T i _
(i) || Spa N T Ol Spg NI4T, B S gt INT 4 T
T/ Xy T/ Ak) Ak)

(ZZZ) g(Tl)ﬁ(Tk)g(’“)
Vw7

Proof. (i) Recall that in the definition of Uy in (B.40), we have

k-1 5 T 7
~ - LA OMG
Uy = Ui =2~ = -

(i)

=1

~

(B.120)
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Then, a direct multiplication of g(Tk) / TX(;C) from the left side of (B.120) leads to

stwUe  lyUm ki lo Binaéa U
Ve T T g \/TT(

Consequently, with Lemma 6(i) we have

St Uik) Sl || S| Ry ||| 6o 1 Il +T L] <= | U
—| < — [ +> t S —t et [ _
> X /T \/TA~ h Tk o= WSV
VT Aw) VT Aw) k) (i) VA i (i)
k-1 T U(z)
Spq VPNV eT 4y . (B.121)
i=1 T)\(Z)

(z)ﬁ(i) ~1/2N=1/2 4 71 holds for i < k — 1, then (B.121) implies that this inequality
also holds for k. In addition, when k = 1, (7( ) = U[Il] and this equation is implied from Lemma 6(i).
Therefore, we have HT‘l/Q)\(k)/ S k)U(k H Spq ~1/2N-1/2 4 71 for k < p by induction.

Using (B.120) again, with Assumption A.4, we have

I HT‘l/QX@l/ngA

1 k=11 77
U[Ik] R 1] <, —1/2N—1/2+T—1/2+Z Ut

U(Z
,/ ST \/T)\ \/T)\(Z =T

When k& = 1, Assumption A.4 implies that HT_l/QX(_kl)/zﬁ(k) H <p g Y2N-1/247-1/2 Then, using the same
induction argument with (B.122), we have this ineqaulity holds for k& < p.

. (B.122)

(ii) Similarly, by simple multiplication of VT from the right side of (B.120), we have

UV slyUmVT &R sy Rinado shUa VT

T X(k) - T\/ﬁ _izl \/Tx(k) T\/E.

Consequently, we have

yUmVT < Uy U VT +’H Ry, HUHVT

T\/A(k) T )‘(k) =1 T)\(k) T )‘(z)
k=11 T 77,1/
L G +T 1T soUaVT
Thw  TAw Aw) i || /TR
k— T 77 .7
[ U’L VT
S N 3|1 (B.123)
i=1 TAw)

When k =1, HT*IX(_;)/zg(Tk)ﬁ(k)VTH <p ¢ *N71+T71is aresult of Lemma 6(ii). Then, a direct induction
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argument using (B.123) leads to this inequality for & < p.

Replacing V by Z and o). in the above proof, and using Lemma 6(ii), we have the following results:
20} “Y (k) S(k)
T\/

(iii) Recall that é(k) = B(k)f/ + ﬁ(k) as defined in (B.39), we have

Ul S(k)

o~

p ¢ NP+ T and <p ¢ 'NTtyTh

Ak)

o 0s| < [y Tason] + [ o Tison| < 5o [ 70seo | + 5P| | sen|

Using (B.56), we have

§(Tk)U(Tk)<(k) _ §(T1)R(Z)U(Tk)<(k) §(Tl)ﬂ(1) VU( )S(k) U(k) (k) U(Tl)g(l) (B.124)
T VRYPRY Moy [ T/ A \/T/\ \/TX(I)

With Lemma 1 and (i), we have
77 B | <0 7 [Bow | < By < [T0o| + | Rew] < [[T0w| + 1Ruall <5 77202807, (.29
which leads to H)\ k)H <, ¢ V2N Hﬁ(k H <p 1. Using this inequality and results of (i) and (ii)

in (B.124) completes the proof. O

Lemma 8. Under Assumptions A.1-A.8, if X(j) =, |I;| and |I;| < gN for j < p, then for k < p+1, we

have
(i) Hzmﬂ) <, TV2 4+ T 'N-1.
i) || Zoo UT || <, NI2TV2 4 71 /2N-1/2,
(K)¥[Lo]|| ~P "0

Proof. (i) From the definition (B.44) of Z(k), we have

VT =2VT - UV
Z Z Gea)
i=1 T/\(z)

Then, with Lemma 7(ii), we have

_ B L k—1 B ; ‘_/T
|Zw 7| < 277)1+ 3 1 Geo T;’ < TV2 4T (N 4+ T7Y) <, TV 4 T INL
=1 (i)

(ii) With (B.44) again, we have
ZuwyUL, = 20], Zeg
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which, along with Lemma 7(i) and the assumptions on ¢, lead to

sl

VT

< ]\701/2:,11/2+ (q*1/2N71/2+T*1) (N&/2T1/2+T)

[z < 207 + 32 Nl | 22 1

< N&/2T1/2+Tq’1/2N*1/2.

O]

Lemma 9. Suppose that Assumptions A.1-A.8 hold. If X(j) =, |I;| and |I;| < gN for j <p, then Hy, Hy
defined by (B.54) satisfy

(i) [[Hil| <p 1, [[Hol| <p 1-
(ii) |HHo — | Sp T~' + ¢ ' N7
(iii) || Hy — Ha|| Sp T2 + ¢ 'N7

Proof. (i) Using the definition (B.54) of H; and Lemma 1, we have

(k)

Vv _
Pl = Hﬁ <T V2V S 1,

which leads to ||H1| $p 1.
Using the definition (B.54) of Ha, we have

Byt

Vi

| hkall = < g VAN “B(k)(‘. (B.126)

With Lemma 1 and Lemma 7(i), we have
2 ] o ] < ] < ] <[] < [ Vol 5 .

Combining (B.126) and (B.127), we have ||hg2|| <p 1 and thus ||Ha|| S, 1.
(ii) By (B.56) and Lemma 2, we have

VTR Ul EnU Stk
() A(k) (k) U0 (k) = W] hyo + (1)~ (k)>(F)

T T VT )

Stk = &)

By Lemma 7(iii), we have
|hf e — 0| Spq 'NTH+ T,
and thus ||H{Hy — I5|| <p ¢ PN+ T
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(iii) Using (B.56), we have
= VVngk) Vﬁ(Tk)g(k)
V&) = S

VT w7 ,/TX(,C)'

With the definition of hy; and hgs, it becomes

hi1 = V;/T hra + W (B.128)
T\ Ak)
With [|hke| $p 1, Lemma 1 and Lemma 7(ii), (B.128) leads to
hir — hiy Sp T2 4 g7 INTL
This completes the proof. O

Lemma 10. For any N X p matriz 3, if HT‘lva — ]IpH <p T2, we have
(i) 05(BV)/0j(8) = T2 + Op(1) for j <p.

(ii) If o1(B) — o2(B) < 01(B), then HPE - TflvTIP’bVH <, T~/2, where b is the first right singular vector
of B and € is the first right singular vector of BV .

Proof. (i) For j < p, 0;(8V)? = X;(BVVTT) = \; (478V VT) which implies
N(BTONVTT) < 05 (V)2 < N (BTB)M (V).

With the assumption [|[T'VV — L, || <, T=1/2, we have T~20;(8V)/0j(8) = 1 + O, (T~'/?) by sin-theta
theorem.

(ii) Let ¢ and < be the first singular vectors of 8 and BV, respectively. Equivalently, ¢ and ¢ are the
eigenvectors of 83T and T~1BVVTBT. Since ||B8T — T1BVVTAT|| < [|B|]* [|TVVT — L <p 01(8)*T /2
and o1(8) — 02(B) < 01(f), by sin-theta theorem we have

HBﬁT — TﬁlﬁvaﬁTH < 7-1/2
a1(8)? — 02(B)? — O(|| 88T — TV VTAT||) ~F '

llssT =& <

Using the relationship between left and right singular vectors, we have

T8 4 STV

bT == T T
G Fld
Therefore,
p._ 01(?)2 A VH _ HEET B VT/BTg;gTﬂV - ‘_/TﬁTg:fTB‘_/ B vTIBTg;gT/BV < _— (B.129)
‘ o evip [ialk 18V |° lsv|*
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By Weyl’s inequality, we have 77! HBVHQ = M(T7'BVVTAT) = M (BBT) + Op(a1(B)?T~2) = 01(B)? +
O,(a1(B)?T~/?). Plugging this result into (B.129), we have H]P’g~ — T’lvTPbVH <, T2

Lemmas 11-13 below are concerned with the singular values and singular vectors of T~1/2R. We use S
§j and X;ﬂ, 7 < p to denote them throughout Lemmas 11-13.

Lemma 11. Under the assumptions of Theorem j(a), we have

~

Ao < )\;1/2(T—1/2N1/2 +1) LTV,

> | >

<

where \j = X\;(B75) and Xj = )\;(T7'RRT).
Proof. Since \; (ﬁVVTﬂT) = Aj (BTﬂV‘_/T), we have

VVT> . A (BTBVVT) 2

Aj (BTB) Ap < T T i (B78) M <VVT) : (B.130)

T
By Lemma 1(i) and Weyl’s inequality, we have \; (T-'VVT) -1 <, T-1/2 for j < p. Then, (B.130) becomes

Aj (BVVTAT)

—1<, 772,
TA;(675) ~
which is equivalent to
o (BV) _, < T2, (B.131)
VTa;(B)

Using Weyl’s inequality again, we have ‘aj (R) -0 (BV)‘ < HUH Sp N2 4 T1/2 which is equivalent to

NP o) o 1 VNV

N e VT @132
Combine (B.131) and (B.132), we complete the proof. O
Lemma 12. Suppose that the SVD of 8 is given by:
A2
p=TIT (0 ) H, (B.133)

where T' € RN*N ' H ¢ RPXP qgre orthogonal matrices, and A is a diagonal matriz of the eigenvalues of 570.
If we write I's; = (s}l,s;ﬁ)T, where sj1 € RP, s;9 € RN=P. Then under the assumptions of Theorem 4(a),
we have
(1) H(A//\j)1/2 (sj1 — <3jla€j1>€j1)H Sp )\;1/2(T*1/2N1/2 + 1), where e;1 is a p X 1 unit vector with the
ith entry being equal to 1.
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(ir)  lsjp — (sj1. ein)ejnll Sp )\;1/2(T—1/2N1/2 +1).
(i) (/a2 sn] <0
() lspall Sp A; AT Y2NY2 4 1),

Proof. With the orthogonal matrix I' defined above, we can write
o U
U=TU= (~ loxr ) : (B.134)

so that

I'R)¢; I'R)" (T's;
INE ( )fj, & = L(ch) (B.135)
T VTR
Specifically, we have
_ ~ _ ~\T ~
A%V-ﬁ-Ul) gj [72€j (A%V—i-Ul) $41 —|—U2TSj2
i1 = — s Sjp= /=, &= = : (B.136)
T T T
From (B.136), we have
(437 +00) (A3V + 00) s+ (A3V + T ) Ufsj = Ty, (B.137)
We can rewrite (B.137) as
A 4% LAV
<]Ip—/\j) 551 _ﬁ (A2V+U1> U25j2+)\ A2 < T —I) A25j1+ T)\jlsjl
U, VTAz 0,07 A\
TR il PPt et NP (R4 AN ) P (B.138)
TX; TN Aj ’
Define L = diag(l1,...,lp), where [; is equal to A;/(X; — X;) if ¢ # j and 0 otherwise.
By left multiplying L to both sides of (B.138), we have
1 1 UJU 1~ UJU. VT 1
Sj1—<Sj1,6j1>€j1 :T)\‘LAéV 2 ffj—f—T/\-LU 2 2§j+)\ LA2 ( —]Ip> A2Sj1
j iy i T, j
1 -~ ~ _ 1 ~ ~ ~
LAZVD] U, VTAS 0,07 by
—5; L—s; L——si1— | —=—1]Ls; B.1



[NIE

A
Aj

Now left multiplying ( ) again, we have

2 ﬁg (72 1 ﬁ; ﬁg

ANz 1 1,1 1~
<)\> (Sjl — <Sj1,€j1>€j1) :T)\3/2A2LA2V = fj + )\3/2A2LU1 — gj
7 i Ty 1A TA;
_ 1 _ o~
1 1 1 [ VVUT A2 1 1 VUT
+A2LA2< —]I> <> si1+A2LA2 L s
Aj T )\ TAY?
a7 (

1 - ~ 1
A>2 L OOT Y <A>
2 s AL e (M) (2) Lsyy
Ai) o TN} ’ Aj Aj ’

:K1+K2+K3—|—K4+K5+K6—|—K7. (B140)

T,

Before we analyze these seven terms in (B.140), we first analyze || L], HLAI/QH and ||[LA||. Since L and A

are diagonal matrices, by Assumption A.12 we can easily show that
IEl st Ea2 S a2 ILAl S A (B.141)
In addition, Lemma 1(ii)(iii)(v) imply that

[&1]| =[eozo] s (o = @aeov| s, T < ol s, 812 T
(B.142)

Using Lemma 1(i)(vi), Lemma 11, (B.141) and (B.142), we analyze these seven terms in (B.140) one by one.
For the first term, we have
—3/2\—3/23—1/2 =11 7577 IR
VKl ST 252 LAl [V T3 lgsl 5 27 (@ N 4 1),

~P 9

where we also use HﬁgﬁgH < HUTUH Sp N + T in the last equation. For the second term, we have

Il < 728 5 e o 032 et 5 077t 4 )

For the third term, we have
1l < A IEAN T PP =1 | [[ (A7) Y2551 | S5 T2 [ (A/20) 255
For the forth term, we have
laall < 770 LAY |VOT | 5, A7 AT,
where we use HV(?ITH <, TY/? from Lemma 1. For the fifth term, we have

|l < T HLA1/2H Hﬁlf/TH H(A/)\j)msﬂu <, )\;1/2T_1/2 H(A/)\j)lmsﬂH ‘
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For the sixth term, we have
—1,-3/2 ~ = .
L [z P
where we use Hﬁl ﬁlTH Sp T as shown in Lemma 1. For the last term, we have

Pl YRV HLA1/2H S NATT VAN 1) 4 T,
To sum up, (B.140) gives
A/ (51 = (s es)esn) | Sp Ay 2@ VANY2 1) T2 T2 (A2 28| (B143)
Note that
A/ 251 | < || (A0 Y2 (351 = (s, eqndesn) | + || A/ 2 i1, es)en

< H(A//\j)l/2 (sj1 — <8j176j1>6j1)H + |(sj1, 1) \/A; el Aej

= A/ 2 (551 = (sinsesyenn)|| + Ou(1).
Plugging this into (B.143), we have

|A/ANY2 (51 = (sjne)esn) | Sp Ay V2@ TVANY2 1) 4 T2, (B.144)

which in turn leads to H(A/)\j)1/2sj1H <p 1 as by assumption /\j_l/2(T*1/2Nl/2 + 1) — 0. Similarly, we can

analyze corresponding terms in (B.139), and obtain
lsj = (sinsenbeqll Sp T2 | (A/A) s | + A7 VA@ /2N 1) € AT VA@ AN 1) + T2

From (B.136), we have

~ 1
Us AN 1/2 e
[[sj2]] < Nipy (X]) €51 Sp A; P(T-Y2NY2 4 ), (B.145)
J J
This concludes the proof. ]

Lemma 13. Under the assumptions of Theorem /j(a), we have

, U7, 1 , N¥T |, N4T

(i) et TN T
TX; :

g VOUTg 1, N4T sl 1, N+T

1 = + &5 = e n

(it) o, || P T T TN N | P T T TN
o

. U 1 N+T

A L —
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Proof. (i) From (B.135), we have

§UTs;  RUTg;

Th; Ty

Using the orthogonal matrix I' and the notations in Lemma 11 and Lemma 12, we have

CJRUTQ = SI (FBV + (7) [71-8]' :SL (A%V + [71) (7{8]'1 + 82-2(72(7ir8j1
+ S;-rl (A%V + (71) ﬁgsj'g + 522(725;'-8]‘2
:Kl —|—K2+K3+K4.

Recall that from Lemma 12, we have H (A/XA)Y2s51 H <p 1. Using this result and Lemma 1, we analyze these

four terms one by one. For the first term, we have

1
K| < sy A2

VT hsiall + sl [T Uil Sp VAT + T

For the second term, we have

1Kl < [lsi] HﬁzH Hﬁlu < /NTLT (VN +VT) VT 5, A7 (N + 7).

For the third term, we have

SleA% HVH + Hﬁl)D Hﬁz” 2l Sp \/ﬁ(ﬁ-k ﬁ) N+T = )\;1/2)\3/2(N+T).

K| <
£l < ( oy

For the last term, we have
1Eall < || ToT3 | siall ol Sp A 207277 (N 4+ T2,

Using above equations and Lemma 11, we get

ﬁiTUng _ §Z-TRUng §p1+N+T+N+T-
> SR T TX; TX;
T>\j T Ai)\j v J

(ii) Using UTg; = [7{32-1 + [7;31'2 and (B.142), we have

N +

VTG < V0T si

+ HV&;SZQ

< |01+ PN 1101 el o VT +

Then, with Lemma 11, we have HT‘IX;1/2VUT§¢H S TP+ A HTIN 4 1).
‘ <, TV AT Y(TIN + 1),

Replace V in the above proof by L}, we can get H/)\\l_l/ 271Tg¢
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iii) Using UTg; = UTsi1 + UJsi2 and (B.142), we have
1 2

N+T

|70 < [|shdn | + -z

50| < 6] + 11 5, V7

Applying Lemma 11 again completes the proof. O
Lemma 14. Under the assumptions of Theorem /(a), Hi, Hy defined by (B.75) satisfy

(i) ||| sp 1.

H <, 1.

(ii) || AT, — ﬂﬁH < T+ A HTIN +1).

(idi) || 7 — IEIQH <Sp T2 4 0 (TIN + 1),

Proof. (i) Using the definition of H; in (B.75) and Lemma 1, we have

STV S

[l =

which leads to HﬁlH Sp L.
Using I'sy, = (8], 5L5)T, the SVD of 8 in (B.133), the definition of Hj in (B.75), Lemma 11 and Lemma

12(iii), we have

- T AL/2
e = | 222 | = [ =22 o (3110

~ ~

Ak Ak

which leads to ‘ﬁ H
(ii) By (B.135) and Lemma 2, for I,k < p, we have

TyT14T UT N Tt
fl BTk 51 Sk th + fl Sk

F

e =& & =

By Lemma 13(i), we have

N+T 1 N+T

- |
BT s — 6| < N+ L N
‘ 11 /ok2 = Ouk T TminpuNg ST Ty

%7
and thus Hﬁ{ﬁg - HpH S T7H4 ASYTIN 4 1),
(iii) Using (B.135), we have

Yatariy VUTg,

i

Vi, =
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With the definition of hx; and hio, it becomes

- VVT- VUT
hia =~ + ALy (B.147)
T\ Ak
With HBMH <p 1, Lemma 1 and Lemma 13(ii), (B.147) leads to
~ . i - VUTs _ e
| = || < 10007 = | ||| + || =2 | o T2 A TN ),
T\ Ak
which concludes the proof of (iii). O
Lemma 15. Under Assumption A.12, we have
& log N _ 1
R T R (S ) e
Proof. For the first inequality, we have
~ ~ log N
(ot e OV o0 PRV
(e} o0 T
where we use large deviation inequalities in Assumption A.11:
log N PN 1-- log N
I7 =BGl Sp ) 5 and [|Zb—Sp|| = | ZRRT — Covra, )| Sp /o
o0 T o ||T . T
The second inequality follows immediately from Assumption A.11:
57— Bl = | 3 — Bl <0 =
T & ~VT
[
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