
ENGG 2440A: Discrete Mathematics for Engineers Homework 2
The Chinese University of Hong Kong, Fall 2015 due Thursday 8 October

Each of the questions is worth 10 points. Please turn in solutions to four questions of your choice. Write
your name, your student ID, and your TA’s name on the solution sheet.

Please write your solutions clearly and concisely. If you do not explain your answer you will be given no
credit. You are encouraged to collaborate on the homework, but you must write your own solutions and list
your collaborators on your solution sheet. Copying someone else’s solution will be considered plagiarism
and may result in failing the whole course.

Questions

1. Find and explain the mistakes in the following “proofs”.

(a) Theorem: In every collection of 5 people there is a person who is friends with at least 3 of
them.

Proof. Let a and b denote two of the five people. The proof is by case analysis. We consider
two cases:

• Case 1: a is friends with at least 3 other people in the collection.

• Case 2: b is friends with at least 3 other people in the collection.

It follows that at least one of a and b is friends with at least 3 other people, so a person that is
friends with at least 3 others always exists.

(b) Theorem: Every collection of 8 people includes a group of 4 friends or a group of 4 strangers.

Proof. Let a denote one of the eight people. The proof is by case analysis. We consider two
cases:

• Case 1: a is friends with at least 4 other people in the collection.

• Case 2: a is a stranger to at least 4 other people in the collection.

One of these two cases must hold. Let’s discuss Case 1. If all the people who are friends with
a are strangers among themselves, this is a group of 4 strangers. Otherwise, at least 3 of them
are mutual friends, and together with a they form a group of 4 friends.

Now let’s do Case 2. If all the people who are strangers to a are friends among themselves, this
is a group of 4 friends. Otherwise, at least 3 of them are mutual strangers, and together with a
they form a group of 4 strangers.

(c) Theorem: Every even integer greater than two is the sum of two primes.

Proof. Let’s call the integer in question n. We prove this theorem by induction on even integers
n. The base case is n = 4 as 4 is the first even integer greater than two.

Base case n = 4: 4 = 2 + 2, so the theorem holds in this case.

Inductive step: Let n be an even integer greater than two. Assume that n is the sum of two
primes p and q. Then n + 2 is the sum of the two primes p + 2 and q, so the next even integer
n + 2 is also a sum of two primes.



It follows by induction that every even integer greater than two is the sum of two primes.

2. Prove the following theorems.

(a) For every odd integer n, n3 + 3n is of the form 8k + 4 for some integer k.

(b) For every real number x such that −1 ≤ x ≤ 1, x3 − x2 + x < 2.

(c) For all real numbers x and y, if x2y3 is irrational then x is irrational or y is irrational.

(d) (Extra credit) Every collection of 9 people includes a group of 4 friends or a group of 3
strangers.

3. Use induction to prove the following theorems.

(a) For every positive integer n, the sum of the first n odd positive integers is n2.

(b) For every integer n ≥ 2, 3n + 4n ≤ 5n.

(c) For every odd n, every n by n square grid with a corner square removed can be tiled using 2×1
pieces.

4. Which of these propositions are true and which are false? If a proposition is true, prove it. If it is
false, prove the converse. (If you claim a number is irrational, provide a proof or give a reference, for
example “By Theorem 9 in Lecture 2,

√
2 is irrational.”)

(a)
√

3 +
√

5 is an irrational number.

(b) For every pair of positive irrational numbers x and y, x + y is also irrational.

(c) There exists a pair of irrational numbers x and y such that x2y3 is rational.

5. You start with the three numbers 2, 4, and 6. In each round, you can take any pair of numbers a
and b and replace them by (a + b)/

√
2 and (a− b)/

√
2. The third number stays the same. Can you

ever end up with the numbers

(a) 2
√

2− 2, 2
√

2 + 2, and 4
√

2?

(b) 4, 6, and 8?

(c) 0, 2
√

6, and 4
√

2?

6. You have a system of n switches, each of which can be in one of two states: off or on. There are
2n possible configurations of this system. For example, when n = 2 the four possible configurations
for the pair of switches are (off,off), (off,on), (on,off), and (on,on).

Initially, all switches are off. In each step, you are allowed to flip exactly one of the switches. Is
there a sequence of flips that makes each possible configuration arise exactly once? For example
when n = 2 this sequence of flips has the desired property (the number on the arrow indicates the
switch that is flipped):

(off,off)
2−→ (off,on)

1−→ (on,on)
2−→ (on,off)

(a) Show a sequence of flips that works when n = 3.



(b) Prove that for every n ≥ 1, there exists a sequence of flips for n switches that covers every pos-
sible configuration exactly once, starting with the all off configuration. (Hint: Use induction.
You may need to strengthen the proposition.)

(c) Now suppose that you flip not one but two switches at a time. Prove that for every n ≥ 2,
there is no sequence of flips for n switches that covers every possible configuration exactly once,
starting with the all off configuration. (Hint: Use an invariant.)

(d) (Extra credit) If you flip three switches at a time, for which values of n can the task be
accomplished?


