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The cheat sheet

1. Specify all possible /
2. Identify of interest \/
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Sample spaces

The Is the set of
all possible outcomes.
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Examples




Sample spaces

() = { HHH, HHT, HTH, HTT
THH, THT, TTH, TTT }

three coin tosses

Q={(7,12,13,14,15

21,22,23,24,2
@&X 31,3 4,35, 36,

41,42, 43,44, 45, 46,
51,52, 53, 54, 55, 56,
61,62, 63,64,65,66

a pair of dice



Events

An is a subset of the sample space.

Q = { HHH_HHT HTH, HTT
THH, THT, TTH, TTT)

e

Exactly two heads: [\ = i\—\HT/ T ;TH H&

No consecutive tails: %ciHH\’q HWY‘) H7 A ;
THY, THT ¢



Discrete probability

A is an assighment of probabilities
to elements of the sample space.

Probabilities are nonnegative and add up to one.

three fair coins

Q = { HHH, HHT, HTH, HTT, THH, THT, TTH, TTT }
\/8 I/B ) . ?{g
TaouktLy Uuelr OUToHES



Calculating probabilities

Exactly two heads:

A ={ HHT, HTH, THH }

8 % 1

No consecutive tails:

B = { HHT, HTH, THH, THH, THT }

\/g . . \/g

Py = /g

P(B) = g/g



Uniform probability law

If all outcomes are equally likely, then...

PO = number of outcomesin.4 "'Aﬁ]
A = number of outcomes in €2 m\

...and probability amounts to



Product rule for counting

Experiment 1 has » possible outcomes.
Experiment 2 has - possible outcomes.

Together there are #», possible outcomes.

Examples




Generalized product rule

Experiment 1 has » possible outcomes.

For each such outcome,
experiment 2 has 2 possible outcomes.

Together there are #», possible outcomes.



You toss two dice. How many ways are there for

the two dice to come out ?
8 N\ ™
O @ @O
O
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A B C

15 ways 25 ways 30 ways



Solution 1:

Solution 2:

1,12,13,14,15, 16,

| 31 32%3,34.35.36, DL

42 4384, 45, 46]
1 52.53. 54, *‘:%@

Tl 62, 63, 64, 65\6\6




Permutations

You toss . How many ways are there for
six to come out ?
{ MOOO}{O M@ ol @ [o }
@ @ @
000 /| 0] O @

AV RIS A

The number of of » different objects is

N XCV\(—\> X. .. X ) = y\!



Equally likely outcomes

For dice, the chance both come out different is

%0 _ 5 -
P"'(AB Ull - Y4 < 3835/

For six dice, the chance they all come out different is

Pr(®) = Lo & o sy

m 3



Toss two fair dice. What are the chances
that...

(a) The second one is 2 [O O} Eoﬂ
5
(b) Th(iium is 2 [O OJ Eoﬂ
6 _ L
2 T 5
(c) The sum is 2 {ONO}

G ¥ 18



;,32,33@35,36,

1. 42 43)44. 45, 46,
1.62)53,54. 55, 56,

2, 63, 64, 65. 66

g w N




There are 3 brothers. What is the probability
that their birthdays are

(a) All on the of the week?




(b) All on of the week?
% T T F @ s
A S— a
F=5(bed) bed Mo D\FFEV«E“TE

el 7S o
{P(FB a \JL\ — % 4




a classical, 4 jazz, and ¢ pop CDs are arranged

at random. What is the probability that all
CDs of the same type are contiguous?

Cz% VLS
b CYs . “ N |
L— 3 E/C_ ™
SL = PTR MUTKTIONS OF e G
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Partitions

1,2,545
<é> £l (ﬂ ) (b (9N T

is the number of size-£ subsets of a size-» set

In how many ways can you partition a size-» set

into subsets of sizes 7, #,, 7;?
(42,5555 B ’\‘ L)
/N N\ (4 '4)‘ °‘zl(""M
A B C
qae| SEl STEL W V\z‘ g\

S CL R AT



Partitions and arrangements

( Z > size-% subsets of a size-» set
A\

. arrangements of £ white
= . and - £black balls
0O0O6®D ® 00
y % N - 2 D
< & > partitions of a size-» set into
My veer 1y ¢ subsets of sizes #,, ...,

= —~ arrangements of 7, red,
- n,Dblue, ..., z, green balls

@0@ O 902@;6__.

——\'—’-.

4O WA, V\O}




An urn has 10 white balls and 20 black balls.
You draw two at random. What is the

probability that their colors are different?

B
6@0060@0 ';9 GJL O
| 2 % Gui (4% O )j\r a7 .
= = (068 ; 90 S s
LI ELY OV (
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12 HK and 4 mainland students are randomly
split into four groups of 4. What is the
probability that each group has a mainlander?

- Z ﬂ\( H\f \'Zfl}
_ﬂ_ AL PNLT (’\’\ON& OF S \NTO G sem
oF 4.
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How to come up with a model?

a pair of antennas

AoJ
é % each can be or
[

Q = { WW, WD, DW, DD }

Each antenna defective 10% of the time

Defects are “independent”
wWwW WD Dw BD
g+ 7 + @4 + 4 =\

Dependent defects

e.g. both antennas use same power supply
wwW WD DWW DD
9 +0 +O0 + .1 = |



How to come up with a model?

Use common sense

If there is no reason to favor one outcome over
another, assigh same probability to both

@
)

@ @

E.g.

OOO|
00

2 Vo

So every outcome must be given probability 1/36

and should get same probability




The unfair die

2 cm

y oD
0=1{1,2,3,4,56)

&
e

Probability o< surface area

2 9

outcome

1 3 4 o
surface area (in cm?) 2t 2 2 U 2
Vi 2 .2 A

A
probability 3



How to come up with a model?

Frequency of occurrence

The probability of an outcome should equal the

that it occurs when the
experiment is performed many times under the
same conditions.



Frequency of occurrence

@ §=1{1,2,3,4,5,6}

toss 50 times
44446163164351534251412664636216266362223241324453

outcome 1 2 3 4 5 0
occurrences 7 9 8 11 8 11
probability 14 18 16 22 16 22



Frequency of occurrence

The more times we repeat the experiment, the more
accurate our model will be

toss 500 times

1356532511132365226434634623345663453543633514546423623551161445613441262462134541255656616436145465
5564544432666511115423226153655664335622316516625253424311263112466133443122113456244222324152625654
2435142565512653245554554435244153234535112232451656555551431435342225311453366652416621555663645155
1466565423451154611556156623152142224326265654263522234145214313453155221561523135262255633144613411
1115146113656156264255326331563211622355663545116144655216122656515362263456355232115565533521245536

outcome 1 2 3 4 5 0

occurrences 31 79 73 72 110 85
probability 162 158 147 144 220 170



Frequency of occurrence

The more times we repeat the experiment, the more
accurate our model will be

toss 5000 times

outcome 1 2 3 4 5 0

occurrences 797 892 826 817 821 847
probability 159 178 165 163 164 169



Frequency of occurrence

® )
é ,é,\ S = {WW, WD, DW, DD }
e

WW X X X X X X X X

WD

DW

DD X X X X
outcome WW WD DW DD
occurrences 8 0 1 5

probability 8/14 0 1/14 5/14



Frequency of occurrence

Give a probability model for the gender of Hong
Kong young children.

sample space = { boy,girl }
common sense 1/2  1/2

51966 .48034

1.2 EERER AR #SRERAD
Mid-year population by age group and sex
I\

Number of persons

AR (5r)
Age group (years) 45 Sex 2001 2006 2007 2008 2009 2010 2011
0-4 BE M 142 000 110 400 111300 114 000 117 700 124 200 129 500
gt F 130 800 102 600 103 200 105 200 108 300 113 800 119 700

from Hong Kong annual digest of statistics, 2012



How to come up with a model

Ask the market

The probability of an outcome should be
proportional to the you are
willing to bet on it.

oool [ooo’

Will you bet on |27 °°°

00

\& @@/ .. if the casino’s odds are 35:1?

... how about 37:1? 2L |




Do you think that come year 2021....

73 =4
..1rump will still be president of the USA?
504 1
...X1 Will still be president of China?
NoY/ 007
..rrump and Xi will both still be presidents?
257. YA

...Neither of them will be president?

257 e/



Events

An event is a of the sample space.

Examples Q = { HH, HT, TH, TT }
both coins come out heads E, = %HH\S
first coin comes out heads E, = ZH]&,‘ &\—‘TLK

both coins come out same E,= i L\\-\"\"Tl



Events

The of an event is the opposite event.
both coins come out heads E,={HH}
both coins come out heads L= { prlfu I’TTS

Ec S



Events

The of events happens when all events
happen.

(a) first coin comes out heads E,= { HH, HT }

(b) both coins come out same E;={HHTT }

both (a) and (b) happen E,NE;= {uk§



Events

The of events happens when at least one of
the events happens.

(a) first coin comes out heads E,= { HH,HT }

(b) both coins come out same E;={HHTT }

at least one happens E,u E5 = { Wi LF(‘,TT}



Probability for finite spaces

The of an event is the sum of the
probabilities of its elements

Example Q) = { HH, HT, TH, TT }
v, Yy Vi V4
both coins come out heads E, = {HH} P(E,) = Y4
first coin comes out heads E,={HH HT } P(E, =Y

both coins come out same E;={HH,TT } P(E,) =Y



Axioms of probability

A sample space Q).

For every event I, a P(E) such that
1. for every E: 0 < P(E) < 1 @ d
2.PQ)) =1 )

3.If E,, E,,... disjoint then @ @ )
P(E,UEU..) =P(E) + P(E, + ...



Rules for calculating probability

E g
P(ES) =1 -P(E) @
?(0)+5(E€7)=\

PENED =B P 5

in particular, P(E£) < P(F)

P(EUF) = P(E) + P(F) - P(ENE) @@ S

You can prove them using the axioms.



In some town 10% of the people are rich, 5% are
famous, and 3% are rich and famous. For a random
resident of the town what are the chances that:

(a) The person is not rich?

P(eY) =\ ~P(@) =0/
(b) The person is rich but not famous?
P(eur®) = PE)-T(ROF =103/

(c) The person is neither rich nor famous? \
PR uF) = PR\ +T(F)-P(2P=12/
P (Que)°) = 857






P(Tu)= SoyA5 15275 PlTuK) = b B
Y=\ X (T AT Plaud] = |-Rua=0/

CoNSISTENT HICORSETENT



Delivery time

A package is to be delivered " 7
between noon and 1pm.

\ '
You go out between 12:30 | /A /

and 12:45. | E

What is the probability you
missed the delivery?




Delivery time

1. Sample space: _ o = [1:00, 2:00]

L |
1 :00 (300

2. Event of interest: e=[% Q:LB]

\Dre_
3. Probabilities? Z—’_"o ?([@ Q&\—




Uncountable sample spaces

In Lecture 2 we said:

“The of an event is the sum of the
probabilities of its elements”

...but all elements have !

To specify and calculate probabilites, we have to
work with the



Delivery time

From 12:08 - 12:12 and 12:54 - 12:57 the doorbell
wasn’t working.

Event of interest: [ =

\2108 12112 Y
[ /K (2752
1200 |37.00
12-8  LI-bi
Probability: ~ P(c) = T(E) FPED = =+ o
7

”—J

Sol



Romeo and Juliet have a date
between 9 and 10.

The first to arrive will wait for
15 minutes and leave if the
other isn’t there.

What is the probability they meet?



% RO)"
JUUET \? L */;;:&C\Q_L)\é %}

7
AT £
QZ]OM?M/J: '
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RoMED S
B [ ArRNM

P(ED ’\-P(A\ @) =(- &Y = Y




Bertrand’s paradox

C

AN

A B P([XT]>U‘:H>
What is the probability that | XY| > | AB|?

-_




Model 1 Model 2

PQixrl > Uly= 5



