ENGG 2430A / ESTR 2002: Probability and Statistics for Engineers Homework 6 Solutions
The Chinese University of Hong Kong, Spring 2019

Practice questions

1. A point is chosen uniformly at random inside a triangle with base 1 and height 1. Let X be
the distance from the point to the base of the triangle. Find the CDF and the PDF of X.
(Textbook problem 3.2.5)

Solution: The PDF of the point is uniform over the triangle which has area 1/2, so it has
value 2 inside the triangle and zero outside. The event X > x consists of all the points
in the triangle that are at distance more than z from the base, which is itself a triangle
of base and height 1 — z. Therefore P(X > z) = 2(1 — 2)?/2 = (1 — x)2. The CDF is
P(X <2)=1-(1—-2)? =22 —2? and the PDF is fx(z) = dP(X < z)/dx = 2(1 — z).

2. The arrival times of the 193 ENGG 2430A / ESTR 2004 to class are normal random variables
with a mean value of 9.25am and a standard deviation of 5 minutes.

(a) What is the expected number of students that have arrived by 9.30am?

(b) Assuming students’ arrivals are independent, what is the probability that everyone has
made it by 9.45am?

Solution: For the CDF calculations I used the Python function scipy.stats.norm.cdf,
which outputs the value of the CDF of a normal random variable.

(a) Let N be a Normal(0,1) random variable. The delay of each student in minutes is
modeled by 5N. The probability that any given student has arrived by 9.30am is the
probability that N is at most 1 which is about 84.13%. By linearity of expectation, the
expected number of students that make it in time for class is about 84.13 - 193 ~ 162.

(b) The probability that any given student hasn’t made it by 9.45 is P(N > 4) = P(N <
—4) ~ 3.167 - 107°, so the probability that all the students have made is by 9.45 is
(1 —P(N > 4))19, which is about 99.3%.

3. Three points are dropped at random on the perimeter of a circle with 1 unit circumference.

(a) What is the probability that they all fall within 1/4 of a unit of one another?

(b) What is the probability that every pair of them is at least 1/4 of a unit apart?
(Hint: Fix one of the three points.)

Solution: Let’s call the three points a, b, and c¢. By symmetry, we can position a on the
circle in an arbitrary way. Let X and Z be the positions of b and c relative to a clockwise
along the circle. We model X and Y as independent Uniform(0, 1) random variables.

(a) The event E is the intersection of events A, B, C described by the predicates: (1)
x €[0,1/4] U [3/4,1] (b is close to a); (2) y € [0,1/4] U [3/4,1] (c is close to a); and (3)
|z —y| €[0,1/4] U [3/4,1] (b is close to ¢, clockwise or counterclockwise). AN BNC is
the shaded set in the following diagram and has probability 3/16.
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(b) The event E’ of interest is now A’'NB'NC’, where A’, B', C" are the sets (1) z € [1/4,3/4]
(b is far from a); (2) y € [1/4,3/4] (c is far from a); and (3) |z —y| € [1/4,3/4] (b is far
from c). This is represented by the shaded region below and has area 1/16.
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Another way to solve part (b) (or to check your answer) is via the axioms of probability.
The complement of E’ equals AU B U C' (some pair of points is close), so by inclusion-
exclusion:

P(E*) = P(AUBUC)
= P(A) + P(B) + P(C) — P(ANB) — P(BNC) — P(CNA) + P(ANBNC).

Here, A is the event that points a and b are less than 1/4 of an inch apart, so P(A) =
1/2. For the same reason P(B) = P(C) = 1/2. The events A, B are independent so
P(ANB) = P(A)P(B) = 1/4. For the same reason P(BNC) =P(CNA) =1/4. In
part (a) we calculated that P(AN BN C) = 3/16, so
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and P(E') = 1/16.

4. A coin has probability P of being heads, where P itself is a Uniform(0, 1) random variable.
The coin is flipped twice. Given that it comes out heads both times, what is the (posterior)
PDF of P? What is its expected value?

Solution: Let X be the number of heads. By Bayes’ rule,

frix(plz) = prgc:;I?gp () :




where fp x(:|r) is the conditional PDF of P given x heads were observed, fx|p(z|p) =
p*(1 —p)?~* is the conditional PMF of X given the coin has bias p, fp(p) is the (prior) PDF
of the Uniform(0, 1) random variable P, and fx is the PMF of X. Plugging in these formulas,
we get that
Foppl2) = L = 2

P|x\P Fx(@) ~ fx(z)’

when 0 < p < 1. Since fp|x(p[2) is a PDF it must integrate to one, so
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and so fp|x(p|2) = 3p?. The expected value of P given X = 2 is
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. Here is a way to solve Buffon’s needle problem without calculus. Recall that an £ inch needle
is dropped at random onto a lined sheet, where the lines are one inch apart.

(a) Let A be the number of lines that the needle hits. Let B be the number of times that
a polygon of perimeter ¢ hits a line. Show that E[A] = E[B]. (Hint: Use linearity of
expectation.)

(b) Assume that ¢ < 7. Calculate the expected number of times that a circle of perimeter ¢
hits a line.

(c) Assume that ¢ < 1. Use part (a) and (b) to derive a formula for the probability that the
needle hits a line. (Hint: The number of hits is a Bernoulli random variable.)

Solution:

(a) Suppose the polygon has n edges of length aj,as,...,a,. Break up the needle into
segments of lengths aq,ao,...,a,. Let A; and B; be the number of lines hit by the i-th
segment of the needle and the i-th edge of the polygon, respectively. Then

A=A+ ---+A, and B=B;+---+ B,.
By linearity of expectation
E[A] = E[A1] + -+ E[A,] and E[B] =E[Bi]+ -+ E[B,].

Since the i-th edge of the polygon and the i-th segment of the needle are identical,
E[4;] = E[B;]. Tt follows that E[A] = E[B].

(b) Let C be the number of times a circle intersects a line. We calculate the p.m.f. of C.
Let d be the line segment representing the diameter of the circle that is perpendicular
to the lines on the sheet. Since ¢ < m, the length of d is less than 1. The circle hits a
line twice if d crosses a line, once if d touches one of the lines, and zero times if d does
not intersect any of the lines. The probability that d crosses a line is exactly the length

of d, namely ¢/m, and the probability that d touches a line is zero. Summarizing, the
p-m.f. of C' is

c 0 1 2
P(C=¢) 1—-4/m 0 L/

Therefore E[C] = 2¢/.

(¢) If we view the circle as a polygon with infinitely many sides, putting together part
(a) and (b) we get that E[A] = E[C] = 2¢/w. Since ¢ < 1, the number of times
the needle intersects a line is a 0/1 valued random variable, so E[A] = P(A = 1) =
P(the needle hits a line). Therefore the probability the needle hits a line is exactly 2¢/7.



