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Notes 27: John ellipsoid

1. JOHN’S THEOREM

A convex body in R" is a closed and bounded convex set with nonempty interior. A convex body
K is symmetric if x € K implies —x € K.

Theorem 1.1. For any symmetric convex body K in R™, there is an ellipsoid E such that E C
K C \/nE.

For any (possibly non-symmetric) conver body K in R™, there is an ellipsoid E such that E C
K Cn(E —c)+c, where ¢ is the center of E.

The cube [—1,1]™ shows that the \/n factor is tight for symmetric convex body.

2. CONVEX PROGRAM

John ellipsoid (or Lowner—John ellipsoid) of a convex body K is the ellipsoid E contained in K
of maximum volume.

We will prove John’s theorem when K is a symmetric polytope.

To this end, we write a convex program to compute a symmetric ellipsoid F inscribed K of
maximum volume.

As in Notes25, a symmetric full-dimensional ellipsoid can be represented as E = {y € R" |
y'Q 1y <1}

Then vol(E) = /det @ - vol(B"), where B” is the unit ball in R".

Let K = {y € R" | a,y < b; for 1 <4 < m} be the half-space description of a symmetric polytope
K.

That F C K is equivalent to the supporting hyperplane conditions

for 1 <i<m, sup {a; y|ye E} <b; — sup {a; (v/Qz) | |z|| <1} < b;.

For supremum in the last inequality, the maximizer is z. = v/Qa;/||v/Qail, and a; (VQz.) =
a} Qa;/||vVQai = [|vVQai.

So the last inequality is equivalent to
IVQail> <} = a/Qa; <¥}.
The convex program for John ellipsoid is
max logdet @
al Qa;
7
Q>0
This is closely related to the dual convex program in Notes25. Indeed, the two programs are
related to each other by duality in projective geometry (planes and points have dual roles).
Maximum inscribed ellipsoid can be found efficiently given half-space representation, just like
(dually) minimum circumscribed ellipsoid given vertex representation. By contrast, finding maxi-

mum inscribed ellipsoid given vertex representation is NP-hard, and so is (dually) finding minimum
circumscribed ellipsoid given half-space representation.

<1 for1<i<m

3. OPTIMALITY CONDITIONS

When the polytope is full dimensional, the convex program is strictly feasiable and Slater’s
conditions are satisfied. KK'T conditions are necessary and sufficient for a solution to be optimal.
Lagrangian of the program is

L(Q\) = —logdetQ + > Ai<“m“i—1> .

1<i<m
1




The KKT conditions are

TQa’L . . o e1s
b2 <1 forl<i<m Primal feasibility
Ai=>0 forl<i<m Dual feasibility
a; Qa; .
i 2 1] =0 fori<i<m Complementary slackness
_1\T Naia; . o
0=VoL(Q,\N)=—-(Q ") + Z 72 Lagrangian optimality
1<i<m v
In the above, Vlogdet Q = (Q_l)—r because
s z’—l—jMZ,, di »
logdet Q = —— 4 detQ = (=) i_2 i(Q);
0Q;;j det @ 0Q;; det Q det Q

where M;; is the determinant of the (n — 1)-by-(n — 1) matrix by deleting the i-th row and j-th

column of Q. Since Qadj(Q) = det(Q)I, we have aﬁiég) =Q ! and Viogdet Q = (Q_l)T.

4. PROOF

Proof of Theorem 1.1 for symmetric polytope K. Suppose z € K. We want to show x € /nFE
(equivalently, ' Q7 1z < n).
Since K is symmetric, if a, < bl, then a; (—x) < b;, and hence (a; )% < b?. Also, Lagrangian

Ai
optimality means Q! = Z ZZ . Therefore

1<igm ¢
_ Niaga; Ni(a z)?
R DY P Y
1<i<m ? 1<is<m ? 1<is<m
Finally,
1 1 Aia; QaZ
n=TrQQ ) =QeQ = 3 - 3
1<i<m 1<i<m
where the last equality is complementary slackness. O

5. COMPLEMENTARY SLACKNESS: GEOMETRIC INTERPRETATION

Complementary slackness conditions have a geometric interpretation.
Apply a linear transformation so that John ellipsoid is the unit ball and @ = I (equivalently,
redefine a = v/Qa;). Then KKT conditions simplify to

forl1<i<m Primal feasibility

)\z >0 forl1<i<m Dual feasibility

)

fori<i<m Complementary slackness

T

)\iaiai
2

bi

Lagrangian optimality

1<i<m

a
Complementary slackness now says that \; > 0 only when a b =0b;. Then u; = b—z is a contact

point of F and K, that is, on both the boundaries of £ and K. This is because u; lies on the

.
a; a;

x = b;, and also ||u;||* = u, u; = 2721 =1.
i

hyperplane azT
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@
Then the dual variables \; is supported (only positive) on contact points {bz

\i > o}, and

)

a
further these contact points u; = ZTZ are in isotropic position when weighted by the dual variables:

7
Z )\Zulu;r =1.
1<i<m
The last condition is necessary and sufficient for the unit ball to be the maximum inscribed ellipsoid
of a polytope.

6. REMARKS

Proof of Theorem 1.1 implies John ellipsoid is unique, because log det is strictly concave.

The general case of symmetric convex body that is not a polytope can be proved similarly. The
convex program now has infinitely many constraints (a “semi-infinite” program). See [Giiler] for
more.

The non-symmetric case is also proved by a convex program, where the center of the ellipsoid is
part of the variables and the calculations are more complicated.
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