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(a) Recall the [ =1 hydrogen atom angular part wavefunction:

/3 /3 .
Y1006,9) = 270505 Y1.00,9) = — Qsineeld’,

and L, expressed as derivatives:

- 0 0 0 0
Ly =90, — 2P, = _ih<}’£_za) = ih<Sin¢%+cot9 cosqb%)_

Then we evaluate the integral:
[ i@ o)1 00,4100

3ihf‘9—i¢<'¢a+ to cpa) 6 dQ
= — sinde siIn® — + Co COS @ — ) CoS
42n 26 ¢

3ihf‘9—i¢'¢'9('9d9d¢)
= sin @ e~ sin ¢ sin O (sin
421

3ifl T 2T
= sin3 6d6 f e @singd
mnfo . ¢de

T 45\7;71 <§) (=im)

_h

V2
whereby [L,]:, (the “12” element of the matrix [L,]) is A/v2. And the other

elements of [L,] can be worked out in a similar way.

(b) Recall that to determine if a matrix M is Hermitian or not, we can inspect
whether the matrix elements satisfy M;; = Mj;. Consider [Ly]:
=l 0 1l
V2 01 0
which obviously satisfies M;; = Mj;. Hence [L,] is a Hermitian matrix.

Consider [L,]:



which also satisfies M;; = Mj;. Hence [L,] is a Hermitian matrix.

(c) We write down the matrix [L.]:

01 0 0 01 0

[L,]=[LJ]+i[L,]=—=|1 0 1|+—= —i|=v2nrl0 0 1.

V2 01 0 0 0 O

which does not satisfy M;; =M-*..Hence [L,] is nota Hermitian matrix.

We write down the matrix [L_]

[0 1 0 —i 0 0 0 O

[L_]=[Lx]—i[Ly]= 1 0 1 0 —i =v2n|1 0 of

O 1 0 i 01 0

which does not satisfy M;; = Mj;. Hence [L_] is not a Hermitian matrix.

(d) We act [L,] on the column vector (0,1 O)T

0 1 0 1
=v2rl0 0 1 1 =+2h|0
0 0 o110 0
where (1,0,0)7 corresponds to the state |1,1) (ie. |l=1,m=1)). The
operator [L,] promotes the state |1,0) into |1,1):

L,11,0) = v/2h|1,1).

We act [L_] on the column vector (0,1,0)7:

i =l ¢ ol

where (0,0,1)7 corresponds to the state |1, —1). The operator [L_] reduces the
state |1,0) into |1,—1):
L_11,0) =+2Aa|1,-1).
We see that the operators L, and L_ are similar to the ladder operators in

a harmonic oscillator problem.

(e) We express [L.][L_] as the following:
0 1 00 0 O 1 0 0
[L][L-1=2r2]0 0 1|[1 0 o|=2r%[0 1 o
0 0 ofto 1 0 0 0 O

and

1 0 0
[L?] = 2h?I = 2h? [O 1 O]
0 0 1



1 0 0
[L2] =h%*|0 O O]
0 0 1
We find that the “something” should be:

1 0 O 1 0 O 1
ZhZ[O 1 O]—ZhZ[O 1 0|+h%]|0
0O 0 O 0 0 1 0
1 0 O
=f12[0 0 O]
0O 0 -1
= h[L,].

Hence the relation is written as:
[L [L-] = [L?] — [LZ] + A[L,].



