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SQ6.	

	

	 The	model:	we	model	a	diatomic	molecule	as	two	balls	connected	by	a	string,	

where	the	masses	of	the	balls	are	 𝑚"	 and	 𝑚#,	the	natural	length	of	the	string	is	

𝑟%,	the	spring	constant	is	 𝐾,	and	the	coordinates	of	the	two	balls	are	 𝑥"	 and	 𝑥#.	

	

	 (i)	Firstly,	we	derive	the	equations	of	motion.	The	extension	of	the	string	from	

its	natural	length	is	 (𝑥# − 𝑥" − 𝑟%).	Then	by	Newton’s	2nd	law,	

𝑚"
𝑑#𝑥"
𝑑𝑡# = 𝐾(𝑥# − 𝑥" − 𝑟%)			(1)	

𝑚#
𝑑#𝑥#
𝑑𝑡# = −𝐾(𝑥# − 𝑥" − 𝑟%)			(2)	

where	the	minus	sign	in	the	second	equation	is	due	to	that	the	force	on	 𝑚#	 is	in	

the	opposite	direction	of	the	force	on	 𝑚".	

	

	 (ii)	We	show	that	the	Center	of	Mass	(CM)	moves	in	a	constant	momentum	by	

finding	 its	 equation	of	motion.	The	Center	of	Mass	of	 two	masses	 𝑚" 	 and	 𝑚#	

placed	at	 𝑥"	 and	 𝑥#	 is	defined	as	

𝑋 =
𝑚"𝑥" + 𝑚#𝑥#
𝑚" +𝑚#

	

	 Eq. (1) + Eq. (2)	 gives:	

𝑚"
𝑑#𝑥"
𝑑𝑡# + 𝑚#

𝑑#𝑥#
𝑑𝑡# = 0	

which	can	be	further	written	as	

𝑑#

𝑑𝑡# (𝑚"𝑥" + 𝑚#𝑥#) = 0	

(𝑚" + 𝑚#)
𝑑#

𝑑𝑡# 7
𝑚"𝑥" +𝑚#𝑥#
𝑚" +𝑚#

8 = 0	

𝑀
𝑑#𝑋
𝑑𝑡# = 0	

where	 𝑀 = 𝑚" +𝑚#	 is	the	total	mass.	We	can	see	clearly	that	the	acceleration	of	

the	 CM	 is	 0.	 Therefore	 we	 claim	 that	 the	 CM	moves	 in	 a	 constant	 velocity	 or	

momentum,	which	means	that	there	is	no	external	force	and	the	CM	moves	freely.	



	

	 (iii)	We	derive	the	equation	of	motion	for	the	relative	coordinate	 𝑥 = 𝑥# − 𝑥",	

and	compare	it	with	the	standard	harmonic	oscillator	equation	

𝜇
𝑑#𝑟
𝑑𝑡# + 𝐾𝑟 = 0			(3)	

where	 𝜇	 is	the	reduced	mass.	

	 𝑚# ⋅ Eq. (1) − 𝑚" ⋅ Eq. (2)	 gives,	

𝑚"𝑚#
𝑑#

𝑑𝑡#
(𝑥" − 𝑥#) = 𝐾(𝑚" +𝑚#)(𝑥# − 𝑥" − 𝑟%)	

	 Then	we	replace	 (𝑥# − 𝑥")	 by	 𝑥,	

𝑚"𝑚#
𝑑#

𝑑𝑡# 𝑥 = −𝐾(𝑚" +𝑚#)(𝑥 − 𝑟%)	

𝑚"𝑚#

𝑚" +𝑚#

𝑑#

𝑑𝑡# 𝑥 +
(𝑥 − 𝑟%) = 0			(4)	

	 Comparing	equation	(4)	with	the	above	standard	harmonic	oscillator	equation	

(3),	we	find	that	the	definition	of	the	reduced	mass	is	given	by	

𝜇 =
𝑚"𝑚#

𝑚" + 𝑚#
	

or	

1
𝜇 =

1
𝑚"

+
1
𝑚#
	

and	 𝑟 = (𝑥 − 𝑟%)	 is	the	extension	of	the	string	from	its	natural	length.	

	

	 (iv)	 We	 derive	 the	 characteristic	 angular	 frequency	 𝜔 ,	 frequency	 𝜈 	 and	

wavenumber	 𝜈̅.	Recall	that	the	angular	frequency	for	a	harmonic	oscillator	can	be	

simply	obtained	from	its	equation	of	motion,	i.e.	from	equation	(3):	

𝜔 = A
𝐾
𝜇 	

	 The	frequency	

𝜈 =
1
𝑇 =

2𝜋
2𝜋𝑇 =

𝜔
2𝜋 =

1
2𝜋A

𝐾
𝜇 	



	 The	wavenumber	

𝜈̅ =
1
𝜆 =

𝜈
𝑐 =

1
2𝜋𝑐A

𝐾
𝜇 	

	

	 Conclusion:	We	transform	the	original	problem	into	the	CM	motion	plus	the	

relative	motion,	i.e.	the	original	equations	of	motion	

𝑚"
𝑑#𝑥"
𝑑𝑡# = 𝐾(𝑥# − 𝑥" − 𝑟%)	

𝑚#
𝑑#𝑥#
𝑑𝑡# = −𝐾(𝑥# − 𝑥" − 𝑟%)	

have	been	transformed	into	

𝑀
𝑑#𝑋
𝑑𝑡# = 0	

𝜇
𝑑#𝑟
𝑑𝑡# + 𝐾𝑟 = 0	

where	 the	 CM	 motion	 is	 a	 free	 motion,	 as	 two-body	 problem	 under	 our	

consideration	does	not	have	an	external	force.	 	


