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We use the perturbation theory to treat the hydrogen atom, and the

Hamiltonian is divided into two parts: a solvable part H, and a perturbation

part H',i.e.
H=H,+H,
where
2 2 2 2
_p e R, e
7 2m  4me,r 2m Atte,r’
4 4
H = - p = — h 4
8m?3c2 8m?3c2

(a) Applying the 1st order perturbation theory, the correction to the

hydrogen atom energy is:

EW = f lp;lgggl(r, 6, ¢)H'¢ffl’3nl(r, 6, p)dt

4

) h
= [ 02 0.8 = s VI, .6,

(b) Firstly we would like to find a relation between E,(ll) and ((H, — U(r))z),
where U(r) = —e?/(4me,r).
2

h
HO —U(T) = —%VZ,

n 1 nz_\’ 1
H = vi= (— v2> — (Hy— U’

 8m3c? " 2mc?\ 2m 2mc?
Therefore their expectation values should also satisfy

1
2mc?

ED = (H') = ——— (Ho -~ U®)").

We further write E,(ll) as

(5P - uw))

(€Y)
E®M = -
n 2mce

= 5| (E) - 20w + w2en)]



1
2mc?

2 ez \ 1 e \* 1
(E,(lo)) — ZE,(lo) (Fq,) (;) + <4n€0> (r_2>]'

The involved integrals are given by

1 ) 1
(;)nlml = f l/)nggrzl (rr 9: ¢) ; l/)'r(lcl)znl (rr 9: ¢) dr =

)

n?a,

1 1
_ +(0) (0) —
(r_2>nlml - f l/)nlml (r' 9' ¢) r_zlpnlml (r' 9' ¢)) dT - (l + 1/2)”—3 aé ’

where a, = 4meyh?/(me?) is the Bohr radius. And the original Hydrogen atom

energy is given by

£O _ me* B e?

n 2(4mey)2h%n? ~ 8megagn?’

Then we have

L _
bn” = - 2mc?

2 e? 1 e2 \° 1
(E) - 2E —+ —
4mey Jn2ay  \4mey) (I+1/2)n3ag

B (O)az[ n 3]
S n2ll+1/2 4

where a = e?/(4meyhc) ~ 1/137 is the fine structure constant. We see that the
magnitude of the correction term is governed by a?, which is about (1/137)2

of the unperturbed energy E,(lo).
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