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Group Inference

High-dimensional linear regression
Yi=X'B+e, for1<i<n

where X;., 3 € RP.
» high dimension: p > n
» sparse model: ||Sllo < n

Foragivenset G C {1,2,---, p}, group significance test is
Ho : Bg =0, (1)

where 8g = {5;; j € G}.
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Group Inference v.s. Quadratic Functional

The null Hy : 8 = 0 can be written as
Ho,a: B5ABG =0,

for some positive definite matrix A € RIGI*IGI,

Two special cases

Hox : B5Xache = 0.

with ¥ denoting the covariance matrix of X;..

Hoy : BGBc = 0.
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Group v.s. Individual Significance

For a group of highly correlated variables,
1. It is ambitious to detect significant single variable 3;
> Inaccurate estimator of 3;
2. Significance and high correlation
> Significant variables can treated as non-significant

3. The group significance

Hierarchical Testing (Meinshausen, 2008)
Divide variables into sub-groups + group significance

> Variables inside a group tend to be highly correlated.
> Between groups, not highly correlated.
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Other Motivation |: Interaction Test

Model with interaction (Tian, Alizadeh, Gentles and Tibshirani,
2014)
Yi= X B+ Di (7o + X[7) +ei.
Ho:v=0
» Interaction test
» Detection of Effect Heterogeneity (D; is treatment)
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Other Motivation |: Interaction Test

Model with interaction (Tian, Alizadeh, Gentles and Tibshirani,
2014)
yi=X[B+Dj(v0 + X[7) + €.

Ho:v=0
> Interaction test
» Detection of Effect Heterogeneity (D; is treatment)

Equivalent model,
yi=Wln+e.

with W; = (D;X[, 1, X7)T and n = (77,70, B7)T.

Ho:ng=0 with G={1,2,---,p}.
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Other Motivation Il: Local Heritability in Genetics

Local heritability: the proportion of variance explained by a
subset of genotypes indexed by the group G. (Shi et. al., 2016)

1. G: the set of SNPs located in on the same chromosome.
2. Then the local heritability is

BLre6Be = EIX[ 58a[°
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Inference for Qs = 8. 606
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Bias Correction

Initial estimators
> [ = argmingere 5l — XBIZ + AllBll1, wi A < \/log p/no
> ¥ =1XTX.

Decompose Béfe,ege — B5XG,6hc as
~25L%6.6(86 — Ba) + BE(Za.6 — Ta.6)86 — (Be — Be)Za.6(Bs — Ba)

Estimate B};i@vg(ﬁg - Eg) and correct B\éfG,GB\G-
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Construction of Projection Direction

For any u € RP,
1 ~ o~ ~
uT—XT(y = XB) = Bgraalfe — fe)
1 ~ ~ T -~
= uTXTe+ [ZU— (ﬁng,G 0) } (B—=5).

> |8 — Bl is small

Fu- (5Fee 0)'] (2= P)| <l8-F[Fu- (G2Fec o).

oo

» Minimize/Constrained u™S u and

2o (etoo 0| = sl (o2 (8500 o))

oo 1<j<p




Construction of Projection Direction

Initial proposal

U=argmin UTZu

s.t. max
weCy

where \, = C+/logp/n and

Co:{61,~--,ep}.

(w.Su—(B5%ec 0)')| < IZacHslzhn

» Constrain bias and minimize variance: Zhang & Zhang ’14;
Javanmard & Montanari ’14;

» Only work for small |G].
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Construction of Projection Direction

U=argmin UuT>u

s.t. max
wel

1 ~ o~ T
C: e1,"',ep,/\7/\ ﬁTZGG 0 }
{ 1Xa,clall2 ( e )

» Work for any |G|.

» Constrain bias, minimize variance and Constrain Variance

(w.su— (BLZce 0)')| < IaaBal2n

- o~ o~ D ~
Qr = ByTaabo + UTX(y - XB). @)
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Inference Procedure

We estimate the variance of the proposed estimator Qs by

~ 452~

S e 50\2 T
V(1) = — uTsu u+ P Z </8G iG GBG - BGZG,G/BG> + ’
for some positive constant 7 > 0.

os(r) =1 (6: > Zi_q \72(7)>

Clx(r) = (62 —Zi_g \/\AT(TL Qs +21-2 Vz(T))

where z;_, is the 1 — a quantile of the standard normal
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Theoretical Justification

Under regularity conditions and ||3]lo < v/n/log p, then the
proposed estimator Qs satisfies

IimsupP(’(A)z —Qz‘ > Z1_%\/Vz) <a withVyg —Vz-f——

n,p—oo

Vi = 4&@: u+— Z (56 6 XLBe — B};fe,egc;)z
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Theoretical Justification

Under regularity conditions and ||3]lo < v/n/log p, then the
proposed estimator Qs satisfies

IimsupP(’(A)z —Qz‘ > Z1_%\/Vz) <a withVyg —Vz-f——

n,p—oo
VY = —u YU+ — Z (56 icXigha — BGZG,656>

» No condition on G!
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Theoretical Justification

Under regularity conditions and ||3]lo < v/n/log p, then the
proposed estimator Qs satisfies

IimsupP(’(A)z —Qz‘ > Z1_%\/Vz) <a withVyg —Vz-f——

n,p—oo
402 O AL
Ve = —uTZ U+ — Z (56 iaXgha — BEZG,656>

» No condition on G!

» Super-efficiency
> for 3g close to 0, / VY < 1/v/n.
» Enlarge variance by adding 7/n.
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Parameter Spaces

000 = {(8:5.0): 1810 < k. 77 < i (£) £ A (£) < My, oy < Mo
For a fixed group G, define
Ho ={(8,%,0) € © (k) : [|Bgll= = 0}
Under the same assumption as Theorem 1,

lim inf P =1)<
sup Jiminf 6(dx(r)=1)<a
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Size and Power

For6 € Hi1 a(6(1)) = {(B,Z,a) €O (k): BéAﬁG = 5(t)} )
liminf Py (6x(7) = 1) > 1 — &(—1)

n,p—co

> 5(t) = (1.0121—q + )V < (/7 +||Ball2 + [156l3)
» ¢y is of asymptotic power 1 as long as t — .
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Size and Power

Corollary 2.

For € Hy a(5(t)) = {(8,%,0) € © (k) : BLABG = 6(1)},
liminf P (¢ () = 1) > 1 — &(—1)

n,p—co

> 5(t) = (1.0121_o + vV = TH(VT + || Ball2 + |1 8al3)
» ¢y is of asymptotic power 1 as long as t — .

> \2-test will be of size \/|G|/n (Mitra, Zhang, 2016; van de
Geer, Stucky, 2016)

> Large |Gl: J=(v7 + ||Ball2 + 166l3) < \/GI/n
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Simulation I: Dense Alternatives
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Simulation Setting

yi=X'B+e, for1<i<n

> p =500

» ;=0 for25 < j < 50 and 3; = 0 otherwise;

> ¥; = 0.6/~ for 1 <i,j < 500.

» Vary ¢ over {0,0.04} and n over {250, 350, 500, 800}.

Ho: Bi=0forie G, where G = {30,31,---,200}.
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Implemented Methods

Maximum test based on the debiased estimator

1. Fast Debiased (FD): {BTD}1§/SP (Javanmard & Montanari ’14)
2. hdi: {@?di}1§j§p (van de Geer, Blihimann, Ritov & Dezeure '14 )

bFD —1<max\”FDy> ) and ¢hdl_1<mac§ﬂdl|> hdl>.

where gfP and g% are computed by bootstrap or sampling.
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Implemented Methods

Maximum test based on the debiased estimator

1. Fast Debiased (FD): {BTD}1§/SP (Javanmard & Montanari ’14)
2. hdi: {@?di}1§j§p (van de Geer, Blihimann, Ritov & Dezeure '14 )

drp = 1 <max\“FDy >q ) and  ¢pgi = 1 (max 81| > qhd‘> .
je
where gfP and g% are computed by bootstrap or sampling.
¢s(r) =1 <62 > Zi_q Vz(ﬂ)

Compare ¢1(0), ¢1(1), #x(0), ¢x(1) and ¢rp, dnai

Zijian Guo Group Inference Hierarchical Testing



Computational Comparison

One computational unit: a p-dimensional LASSO regression.
1. ¢rp, énai: |G| + 1 computational units
2. ¢x(7): 2 computational units
3. Computational efficiency!
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Dense alternatives

Empirical Rejection Rate (ERR) out of 1000
» ¢ =0 (null): control ERR below 0.05.
> ¢ # 0: obtain ERR close to 1.

J n| ¢1(0) ¢i(1) | ¢(0) ox(1) ®FD Ohdi
250 | 0.962 0.002 | 0.994 0.008 | 0.112 0.044
350 | 0.992 0.000 | 0.998 0.004 | 0.086 0.042
500 | 0.996 0.002 | 1.000 0.002 | 0.078 0.048
800 | 0.980 0.000 | 1.000 0.000 | 0.064 0.038
250 | 0.986 0.230 | 1.000 0.618 | 0.226 0.084
350 | 1.000 0.188 | 1.000 0.854 | 0.184 0.106
500 | 1.000 0.292 | 1.000 0.946 | 0.128 0.112
800 | 1.000 0.374 | 1.000 1.000 | 0.128 0.180

0.04

¢x (1) controls Type | error and more powerful than ¢rp, dpgi.
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Simulation Il: High Correlation
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» p=>500
> B3y =pz=dand B =0forj#1,3
» High correlation among the fist five variables

0.8 if1<i#j<5
yj=141 if1<i—j<5
0.6l-11  otherwise.

» Vary ¢ over {0,0.2} and n over {250, 350,500}.
Hog:Bi=0foriec G, where G={1,2,---,5}.
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High Correlation: ERR

0 n| ¢1(0) ¢&i(1) | ¢(0) ox(1) ®FD Ondi
250 | 0.034 0.000 | 0.072 0.000 | 0.070 0.036

0 350 | 0.058 0.000 | 0.104 0.000 | 0.082 0.062
500 | 0.052 0.000 | 0.092 0.000 | 0.082 0.056

250 | 0.682 0.134 | 0.982 0.590 | 0.998 0.936

0.2 350 | 0.704 0.138 | 1.000 0.822 | 1.000 0.972
500 | 0.634 0.234 | 1.000 0.960 | 1.000 0.994

¢x (1) controls Type | error and less powerful than ¢gp, dng;.
» o5 (1) has valid confidence property;
» No confidence property for ¢rp, dng;.
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High Correlation: Coverage Property

Clrp Clpgi
J n B B2 B3 Ba Bs B B2 B3 Ba Bs
250 | 0.972 0.968 0.970 0.976 0.976 | 0.952 0.950 0.944 0.950 0.946
0 350 | 0.968 0.972 0.962 0.970 0.968 | 0.942 0.942 0.932 0.966 0.948
500 | 0.974 0.972 0.964 0.970 0.982 | 0.950 0.936 0.956 0.950 0.956
250 | 0.400 0.714 0.418 0.720 0.758 | 0.864 0.798 0.910 0.828 0.268
0.2 350 | 0.464 0.696 0.414 0.722 0.680 | 0.910 0.822 0.922 0.844 0.234
500 | 0.424 0.702 0.408 0.686 0.674 | 0.876 0.860 0.916 0.842 0.298

Table: Empirical Coverage for {8;}1<;<s in the Highly Correlated scenario

0 n CII(T = 0) CII(T = 1) CI{(T = 0) CIX(T = 1)
250 0.104 1.000 0.090 1.000

0 350 0.110 1.000 0.088 1.000
500 0.094 1.000 0.070 1.000

250 0.912 0.992 0.822 0.998

0.2 350 0.916 0.998 0.822 0.996
500 0.924 0.994 0.842 0.996

Table: Empirical Coverage for ||3g||2, BLE ¢ cBc in the Highly Correlated scenario
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Four Key Messages

1. No requirement on G.

2. Computationally efficient.

3. Powerful test under dense alternatives.

4. Have coverage property for the highly correlated setting.
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Hierarchical Test
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Hierarchical Testing

INPUT: Hierarchical tree 7 with nodes corresponding to groups
of variables; Group testing returning p-values Pg for each
group G.

» The nodes at each level build a partition of {1,--- | p}
» The upper part of the tree — Large groups.
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Hierarchical Testing

INPUT: Hierarchical tree 7 with nodes corresponding to groups
of variables; Group testing returning p-values Pg for each
group G.

» The nodes at each level build a partition of {1,--- | p}
» The upper part of the tree — Large groups.
» Testing group significance in a top-down manner.
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Hierarchical Testing

: repeat

—_

2:  Go top-down the tree 7. The raw p-value is corrected for

multiplicity using
P, qi = Ps with Pg=Pg-p/|G
Gadjusted = 195 W ¢ = Pa-p/IGl,

where G’ is any group in the tree T.

3 f PG;adjusted < a, continue to consider the children of G
for group testing.

4: until All the children of each group G when going top-down

in 7" are non-significant at level .

Zijian Guo Group Inference Hierarchical Testing



Hierarchical testing

» Significant groups and non-significant groups,
» The hierarchical procedure returns Gy, Go, and Gs.
» The group Gy is a leaf consisting of one variable.
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Riboflavin (vitamin By) Production with Bacillus Subtilis

» Bacillus Subtilis: bacterium

» Response: log-transformed riboflavin production rate
» Covariates: expression levels of 4088 genes
» Sample size n =71
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The log-expression level of p = 4088 genes is tested for
association with the response.

p-value significant cluster

1.631e-11 | YEBC_at

< 2.2e-16 | LYSC_at

< 2.2e-16 | XTRA _at

< 2.2e-16 | XKDS_at

0.01420 YXLC_at, YXLD_at, YXLG_at
0.01420 YOAB_at

0.04544 BMR_at

0.01420 YCKE_at
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Conclusion and Discussion
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» Group Inference

1. No requirement on G.

2. Computationally efficient.

3. Powerful test under dense alternatives.

4. Have coverage property for the highly correlated setting.

» Inference for SLABG
» Hierarchical testing: high correlation
» Feasible computation for millions of variables
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