PHYS 5130 Problem Set 6 Solution

Solution: In the question, the function to be minimized is

fla,y,2) = a® +y* + 2%, (1)
subject to the constraint that

g(x,y,2) = 2% +y* — 202 = 4. (2)

Therefore, by the method of Lagrange multiplier, one could obtain the follow set of equations

2z = A2z — 22)
2y = M2y)
2z = A(—2x) ®)

From 2y = A2y, and assuming y # 0, one obtains A = 1. Substituting A = 1 back into the equations, one
could see that z = z = 0 and y = £2, then f(0,£2,0) = 4, so the distance d = 2.

For y = 0, z = —Az. Substituting it back into 2x = \(2x — xz) and 22 + y? — 222 = 4, one obtains

2(1-=X—)%) =0, and 22(1+2)\) = 4, so x # 0. Therefore, 1 — A —\? = 0. Solving the quadratic equation and

taking the positive root, one obtains A = % - %, and so x = :|:5ll and z = :i:(5’% — 5i), then f = 2v5 — 2,
4

and d = 1.5723.

So the minimum distance is d = 1.5723.

The figures below depict the surface g(z,y, z) = 4, with the colour indicating the distance from origin (d) of
each position. One could see that the surface is split into three regions, z < 0, x =0, = > 0.




Each part of the discontinuous surface contains one local minimum, which corresponds to the one of the
positions and one of the distances obtained above.

Solution: In this question, the quantity to be maximized is the number of microstates

N!
N, Noy..)=In | —+—— |, 4
o1 N = () @
subject to the constraints

fl(Nl,NQ,...) = Zl'/\/; =N
fZ(Nl,NQ,...) = Zz EZM =&

(a) Making using of Stirling approximation, nN!= NInN — N, g~ NInN — N — > .(InN; — N;). By the
method of Lagrange multiplier, one obtains the following system of equations

(5)

—InN; = a+ BE;
—InNy = a+ BEs

2iNi=N
ZiEi/\/i:g

Therefore,
N; = e @ PE:, (7)
(b) Substituting the expression for N; obtained in part (a) into the constraint

ZM:M (8)




one obtains

Z e v PE = N (9)
e ® Z e PEi = N (10)
i
_ N
e — ZiT*ﬂEi (11)
Z‘ e~ PE;:
=In(&=— 12
a=In < N (12)
(¢) Using the obtained expression for e™®, one obtains
N; =e o FE (13)
N
_ —BE;
B Zz e~ PE: ¢ (14)
e~ BE;
One could then identify ]]\\7, =P = % as derived previously in the lecture, and so one could then
identify g = ﬁ and partition function Z =), e BB
(d)
&
E>=— 16
<E>=+ (16)
_ L 17
= (17)
1 ;
1 9y O _ B
kT? 02
= 7z 2
Z ar (20)
olnZ
= kT? 21
oT (21)
Solution:
Scollectvion
S = 22
L (22)
P nw (23)
=—In
N
k
= SN = N = (3N A — AG)) (24)




As N = )", N, the above expression could further be written as

k
S:N(NlanNf(zi:NilnNifNi)) (25)

— % ((Z/\mnw) - ZMIHM) (26)

_ ;\“[ZN In (/i) (27)
_ —kz % In (ﬁ) (28)
= —kZPi In P; (29)

From Thermodynamics, one knows that F' =< E > —T'S. Then,

F=<E>-TS (30)
=<E>+kTY PInP, (31)
k l T

—<E TS P, 2
<E>+ zz: ; n( Z ) (32)
=<E>-Y EP-kTIhZ» P (33)
=<E>—-<E>-kKI'lhZz (34)
= —kT'InZ (35)

Solution: For a particle in a box of size L%, one could analytically solve for the eigenfunctions and eigenen-
ergies, given by

242 d
Tk 5

€ny,ng,...,ng = o9mL - (36)
i
So that in terms of k, where k; = T,
h? &
N ™ ; BT

Then, one could obtain g<(k), which is the number of states with \/Zf k? < k.

Va(k
o< (k) = g, 1), (39
27 (%)
d
m2kdLd
=95 qapcd 1) (39)
247dD(4 4 1)
kiLd
=O9s_ a4 (40)
2472 T(§ +1)
<(0 L (2me>g (a1)
€) = (gs
g g 243 (4 +1) \ 12
L’m 3 €2
— 42
g <2wh2) r(4+1) e




Then, g(e) could also be obtained,

dg<
_ 43
g0 =" (43)
d d
L2m\ 2 des-1
= s ( 2) 2d (44)
2rh? ) T (£ +1)
d
L2m)\ 2 6%—1
=g, - 45
g (%h?) T (4) (45)
Ford=3
2m)\ 2 6%—1
=g, 46
o0 =0 (5) 5 (16)
5 1
m \3 €2
95V (2#712) %T(% (47)
3
V. /2m)\?
95 12 (h?) Ve (48)
of which is the same result as derived in the lecture.
Therefore, for n-dimensional ideal Fermi gas, one has the following equations
N =3 ni=3,9ifrp(e) = [g(e)
E=3emi =3 €gifrp(e) = [e ( )fFD( )de (49)
()_ (LQm)%e%71
g €)= gs 2mh?2 F(%)
Solution: For ideal Bose gas, the number of microstates is given by
nz"'gb_l (nﬁ—gz)'
W= 1:[ (gi — 1)In;! NH giln;! (50)
where
n; e—p -1
E—fBE—(e RT —1) ) (51)
There, the entropy for ideal Bose gas is given by
S=klnW (52)
(ni + gt)'
= kZln ( i (53)
= kZ(m +gi)In(ni + i) — (i + 9:) — gilngi + gi —niInn; +n; (54)
= anl In(n; +¢;) +¢:In(ni +¢;) —g:Ing; —n;Inn, (55)
gi n;
=k in (1 iIn | —+ 1 56
Zn n(+nl)+g n(gi+) (56)
—kz (———)-l—giln M (57)
ng
<FE> uN n;
= - —+k In | — +1). 5
T T+§i:gn(gi+> (59




From Thermodynamics,

S

T T

_<E> N PV

T

Therefore, one could identify

(60)

(61)

(62)

(63)

(64)




